Vector Space Over Division Ring 



Aleks Kleyn 



Abstract. A system of linear equations over a division ring has properties 
similar to properties of a system of linear equations over a field. Even noncom- 
mutativity of a product creates a new picture the properties of system of linear 
equations and of vector space over division ring have a close relationship. 
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1. Representation of Universal Algebra 

Definition 1.1. Suppose we defined the structure of r22-algcbra on the set M ([1, 
7]). We call the endomorphism of f22-algebra 

t: M ^ M 

transformation of universal algebra M} □ 

We denote S identical transformation. 
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^If the set of operations of r22-algebra is empty, then t is a map. 
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Definition 1.2. Transformations is left-side transformation or r*-transfor- 
mation if it acts from left 

u' = tu 

Wc denote *M the set of T*-transformations of set M . □ 

Definition 1.3. Transformations is right-side transformations or *r-trans- 
formation if it acts from right 

u' ~ ut 

We denote AI* the set of nonsingular *r-transformations of set Af . □ 

Definition 1.4. Suppose we defined the structure of fii-algebra on the set *M 
([1]). Let A be fJi -algebra. We call homomorphism 

(1.1) f:A^*M 

left-side or T*-representation of ili-algebra A in rJ2-algebra M □ 

Definition 1.5. Suppose we defined the structure of ili-algcbra on the set M* 
([1]). Let A be SI i -algebra. We call homomorphism 

/ : A ^ M* 

right-side or ★T-representation of fii-algebra A in Sl2-algebra M □ 

We extend to representation theory convention described in remark [6J-2.15. 
We can write duality principle in the following form 

Theorem 1.6 (duality principle). Any statement which holds for T-k-representation 
of ^li- algebra A holds also for i^T -representation of fli-algebra A. 

Remark 1.7. There exist two forms of notation for transformation of Sl2-algebra 
M. In operational notation, we write the transformation A as either Aa which 
corresponds to the T*-transformation or aA which corresponds to the ★T-transfor- 
mation. In functional notation, we write the transformation A as A(a) regardless 
of the fact whether this is T*-transformation or this is *r-transformation. This 
notation is in agreement with duality principle. 

This remark serves as a basis for the following convention. When we use func- 
tional notation we do not make a distinction whether this is r*-transformation or 
this is ★T-transformation. We denote *M the set of transformations of ri2-algebra 
M. Suppose we defined the structure of fii-algebra on the set *M. Let A be fii- 
algebra. We call homomorphism 

(1.2) f:A-^*M 

representation of Sli-algebra A in 02-algebra M. 

Correspondence between operational notation and functional notation is unam- 
biguous. We can select any form of notation which is convenient for presentation 
of particular subject. □ 

Diagram 



M 







f 




/ 


1 



M 



means that we consider the representation of Sli-algebra A. The map /(a) is image 
of a e A. 
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Definition 1.8. Suppose map (1-2) is an isomorphism of the fii-algebra A into 
*AI. Then the representation of the fii-algebra A is caned effective. □ 

Remark 1.9. Suppose the T*- representation of fii-algebra is effective. Then we 
identify an element of fii-algebra and its image and write T*-transormation caused 
by element a & A as 

v' = av 

Suppose the ★T-representation of fii-algebra is effective. Then we identify an ele- 
ment of f2i-algebra and its image and write ★T-transormation caused by element 
a £ ^ as 

v' = va 

□ 

Definition 1.10. We call a representation of fli-algebra transitive if for any 

a,b ^ V exists such g that 

« = figm 

We call a representation of Oi-algebra single transitive if it is transitive and 
effective. □ 

Theorem 1.11. T-k-representation is single transitive if and only if for any a,b ^ 

M exists one and only one g & A such that a ~ f{g){b) 

Proof. Corollary of definitions 1.8 and 1.10. □ 

2. MoRPHiSM OF Representations of Universal Algebra 
Theorem 2.1. Let A and B he fli-algebras. Representation of fli- algebra B 

g : B 

and homomorphism of Qi- algebra 

(2.1) h:A^B 

define representation f of D,i-algebra A 

f 




Proof. Since mapping g is homomorphism of J7i-algebra B into Oi-algebra *M, the 
mapping / is homomorphism of fii-algebra A into fii-algebra *M. □ 

Considering representations of ili-algebra in r22-algebras M and N, we are in- 
terested in a mapping that preserves the structure of representation. 

Definition 2.2. Let 

/ : A-^ *M 

be representation of 51i-algebra A in r22-algebra AI and 

g: B 

be representation of 57i-algebra B in fi2-algebra N. Tuple of maps 
(2.2) {r : A^ B,R: M ^ N) 

such, that 
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• r is homomorphism of ili-algebra 

• R is homomorphism of fi2-algebra 



(2.3) Rof{a)=g{ria))oR 

is caUed morphism of representations from / into g. We also say that mor- 
phism of representations of fii-algebra in r22-algebra is defined. □ 

For any m G M equation (2.3) has form 

(2.4) i?(/(a)(m))=5(r(a))(i?(TO)) 
Remark 2.3. We may consider a pair of maps r, R as map 

F : AUM ^ BUN 

such that 

F{A) = B F{M) = N 
Therefore, hereinafter we wiU say that we have the map (r, R). □ 

Remark 2.4. Let us consider morphism of representations (2.2). We denote elements 
of the set B by letter using pattern b ^ B. However if we want to show that b is 
image of element a Cz A, we use notation r(a). Thus equation 

r{a) = r{a) 

means that r(a) (in left part of equation) is image a ^ A (in right part of equation). 
Using such considerations, we denote element of set N as R{m). We will follow 
this convention when we consider correspondences between homomorphisms of VLi- 
algebra and mappings between sets where we defined corresponding representations. 
There are two ways to interpret (2.4) 

• Let transformation /(a) map m G M into f{a){m). Then transformation 
g{r{a)) maps R{m) e N into R{f{a){m)). 

• We represent morphism of representations from / into g using diagram 

R 




From (2.3) it follows that diagram (1) is commutative. 

Theorem 2.5. Let us consider representation 

f : A^*M 

of ^li- algebra A and representation 

g:B^*N 



□ 
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of rii-algebra B . Morphism 

h : A ^ B H : M 

of representations from f into g satisfies equation 

(2.5) H o ^(/(ai), /(a„)) = u;{g{h{ai)), g{h{an))) o H 
for any n-ary operation lo of fli-algebra. 

Proof. Since / is homoniorphisni, we have 

(2.6) H oLo{f{a,),...Jia„)) = H o f{uj{a,,...,an)) 
From (2.3) and (2.6) it follows that 

(2.7) H o c^(/(ai), /(a„)) = g{hiu{ai, a„))) o H 
Since h is homoniorphisni, from (2.7) it follows that 

(2.8) H o Loifiai), /(a„)) = g{ujihiai), /i(a„))) o H 

Since g is homomorphism, (2.5) follows from (2.8). □ 
Theorem 2.6. Let the map 

h : A ^ B H -.M ^ TV 

be morphism from representation 

f ■.A^*M 

of ill-algebra A into representation 

g:B^*N 

of ill- algebra B. If representation f is effective, then the map 

*H : *M -> *N 

defined by equation 

(2.9) *H{fia)) = gihia)) 
is homomorphism of ili- algebra. 

Proof. Because representation / is effective, then for given transformation /(a) 
element a is determined uniquely. Therefore, transformation g{h{a)) is properly 
defined in equation (2.9). 

Since / is homomorphism, we have 

(2.10) *H{Lo{f{ai), /(a„))) = *H{f{uj{ai, a„))) 
From (2.9) and (2.10) it follows that 

(2.11) *H{Lo{f{ai), /(a„))) = g{h{Lo[ai, a„))) 
Since h is homomorphism, from (2.11) it follows that 

(2.12) *H{uj{f{ai), /(a„))) = 9{^{h{ai), %„))) 
Since g is homomorphism, 

*H{w{f{ai), /(a„))) = oj{g{h{ai)), g{h{an))) = u;{* H{f{ai)), *i?(/(a„))) 
follows from (2.12). Therefore, the map *H is homomorphism of fii-algebra. □ 
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Theorem 2.7. Given single transitive representation 

f ■.A^*M 

of ^li- algebra A and single transitive T-k-epresentation 

g:B^*N 
oj Vti- algebra B, there exists morphism 

h : A ^ B H : M ^ N 

of representations from f into g. 

Proof. Let us choose homomorphism h. Let us choose element m £ M and element 
n N. To define map H, let us consider following diagram 



a h{a) 




From commutativity of diagram (1), it follows that 

H{am) = h{a)H{m) 

For arbitrary m' G M, we defined unambiguously a ^ A such that m' = am. 
Therefore, we defined mapping H which satisfies to equation (2.3). □ 

Theorem 2.8. Let 

f : A^*M 

be single transitive representation of Qi-algebra A and 

g:B^*N 

be single transitive representation of ^i- algebra B. Given homomorphism of Qi- 
algebra 

h : A ^B 

let us consider a map 

H : M ^ N 

such that [h, H) is morphism of representations from f into g. This map is unique 
up to choice of image n ~ H{m) G N of given element m G M. 

Proof. From proof of theorem 2.7 it follows that choice of homomorphism h and 
elements m G A/, n E N uniquely defines the map H. □ 

Theorem 2.9. Given single transitive representation 

/ : A -> *M 

ofQi-algebra A, for any endomorphism of Qi- algebra A there exists endomorphism 
p : A *- A P : M *- M 
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of representation f . 

Proof. Let us consider following diagram 



M 




Statement of theorem is corollary of theorem 2.7. □ 
Theorem 2.10. Let 

f : A^*M 

he representation of ^i- algebra A, 

g:B^*N 

he representation of fli-algehra B, 

h:C^*L 

he representation of VLi-algehra C. Given morphisms of representations of r2i- 
algehra 

p ■■ A ^ B P : M ^ N 

q:B Q-N 

There exists morphism of representations of algebra 

r : A ^ C R:M ^ L 

where r ~ qp, R = QP . We call morphism (r, R) of representations from f into 
h product of morphisms (p, P) and [q, Q) of representations of universal 
algebra. 
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Proof. We represent statement of theorem using diagram 




Map r is homomorphism of ili-algcbra A into i7i-algebra C. Wc need to show that 
tuple of maps {r,R) satisfies to (2.3): 

i?(/(a)TO) = OP(/(a)m) 

= Q{g{p{a))Pim)) 

= h{qp{a))QP{m)) 

= h{r{a))R{m) 

□ 

Definition 2.11. Let A be category of fii-algebras. We define category T * A 
of T*-representations of J7i-algebra from category A. T*-representations of 
51i-algebra are objects of this category. Morphisms of T*-representations of ili- 
algebra are morphisms of this category. □ 

Theorem 2.12. Endomorphisms of representation f form semigroup. 

Proof. From theorem 2.10, it follows that the product of endomorphisms {p,P), 
(r, R) of the representation / is endomorphism {pr, PR) of the representation /. □ 

Definition 2.13. Let us define equivalence S on the set M. Transformation / is 
called coordinated with equivalence 5", when /(mi) = /(m2)(mod5') follows 
from condition rrii = m2(modS'). □ 

Theorem 2.14. Let us consider equivalence S on set M. Let us consider Qi- 
algehra on set *M. Since transformations are coordinated with equivalence S, we 
can define the structure of fli- algebra on the set *{M/S). 

Proof. Let h ~ nat S. If rrii = TO2(mod5), then h{mi) ~ h{m2). Since / G *M is 
coordinated with equivalence S*, then h{f{mi)) ~ h{f{m2)). This allows to define 
transformation F according to rule 

F{[m]) = h{f{m)) 

Let w be n-ary operation of fii-algebra. Suppose /i, /„ G *M and 

Fi([m]) = /i(/i(m)) ... F„(H) = /i(/n(™)) 
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We define operation on the set *{M/S) according to rule 

LoiF,,...,Fn)[m]^hiu{fi,...,U)m) 

This definition is proper because u}{fi, /«) G *M and is coordinated with equiv- 
alence S. □ 

Theorem 2.15. Let 

f : *M 

he representation of fli-algebra A, 

g:B^*N 
be representation of fli-algebra B. Let 

r : A ^ B R : AI ^ N 



be morphism of representations from f into g. Suppose 

s = rr^^ S = RR-^ 

Then there exist decompositions of r and R, which we describe using diagram 

T 



M/S 



RM 




(1) s = ker r is a congruence on A. There exists decompositions of homomor- 
phism r 

(2.13) r = itj 

j ~ nat s is the natural homomorphism 

(2.14) j{a)=j{a) 
t is isomorphism 

(2.15) r{a)=t{j{a)) 
i is the inclusion mapping 

(2.16) r(a) = i{r{a)) 
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(2) S = ker R is an equivalence on M. There exists decompositions of homo- 
morphism R 

(2.17) R = IT J 

J = nat S is surjection 

(2.18) J{m) = J(m) 
T is bijection 

(2.19) R{m) = T{J{m)) 
I is the inclusion mapping 

(2.20) R{m) = I{R{m)) 

(3) F is Ti<- representation of VLi- algebra A/ s in M/S 

(4) G is T^ -representation of VLi- algebra rA in RM 

(5) (j, J) is morphism of representations f and F 

(6) (t, T) is morphism of representations F and G 

(7) {t~^,T~^) is morphism of representations G and F 

(8) {i,I) is morphism of representations G and g 

(9) There exists decompositions of morphism of representations 

(2.21) {r,R) = it,I){t,T){j,J) 



Proof. Existence of diagrams (1) and (2) follows from theorem II. 3. 7 ([7], p. 60). 
We start from diagram (4). 
Let mi = m2(mod S). Then 

(2.22) i?(mi) = R{m2) 
Since ai = 02 (mods), then 

(2.23) r(ai)=r(a2) 

Therefore, j (ai) = j (a2). Since (r, R) is morphism of representations, then 

(2.24) i?(/(ai)(mi)) = 5(r(ai))(i?(mi)) 

(2.25) i?(/(a2)(m2)) = 5(Ka2))(i?(m2)) 
From (2.22), (2.23), (2.24), (2.25), it follows that 

(2.26) i?(/(ai)(mi)) - i?(/(a2)(m2)) 
From (2.26) it follows 

(2.27) /(ai)(mi) = /(a2)(m2)(mod5) 
and, therefore, 

(2.28) J(/(ai)(mi)) = J(/(a2)(m2)) 
From (2.28) it follows that we defined map 

(2.29) F(j(a))(J(m)) = J(/(a)(m))) 

reasonably and this map is transformation of set M/ S. 

From equation (2.27) (in case ai ~ 02) it follows that for any a transformation 
is coordinated with equivalence S. From theorem 2.14 it follows that we defined 
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structure of fii-algebra on the set *{M/S). Let us consider n-ary operation to and 
n transformations 

F(j(a.))(J(m)) = J(/(a,)(m))) z = l,...,n 
of the set M/S. We assume 

ujiFUia^}), F{j{a,,mj{m)) = J(c.(/(ai), /(a„)))(m)) 

Therefore, map F is representations of i7i-algebra A/s. 

From (2.29) it follows that (j, J) is morphism of representations / and F (the 
statement (5) of the theorem). 

Let us consider diagram (5). 

Since T is bijection, then we identify elements of the set M/S and the set MR, 
and this identification has form 

(2.30) T{J{m)) = i?(m) 

We can write transformation F{j{a)) of the set M/S as 

(2.31) F{j{a)) : J(m) -> Fij{a)){J{m)) 
Since T is bijection, we define transformation 

(2.32) r(J(m))^T(F(j(a))(J(m))) 

of the set RM. Transformation (2.32) depends on j{a) E A/s. Since t is bijection, 
we identify elements of the set A/s and the set rA, and this identification has form 

(2.33) t{jia))=r{a) 
Therefore, we defined map 

G -.rA^ *RM 

according to equation 

(2.34) G(f(j(a)))(T(J(m))) = T{FU{a)){J{m))) 
Let us consider n-ary operation uj and n transformations 

G{ria,)){Rim)) ^ T(^^(j(a.))( J(m))) i - 1, n 
of space RM. We assume 

(2.35) w(G(r(ai)), GirianMRim)) = T(w(F(j(ai), F {j {a^MJ {m))) 

According to (2.34) operation w is defined reasonably on the set *RM . Therefore, 
the map G is representations of fii-algebra. 

From (2.34) it follows that (<,T) is morphism of representations F and G (the 
statement (6) of the theorem). 

Since T is bijection, then from equation (2.30) it follows that 

(2.36) J{m)^T-^{R{m)) 
We can write transformation G(r(a)) of the set RM as 

(2.37) G{r{a)) : R{m) ^ G{r{a)){R{m)) 
Since T is bijection, we define transformation 

(2.38) T-^{R{m)) ^ T-^{G{r{a)){R{m))) 
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of the set M/S. Transformation (2.38) depends on r(a) S rA. Since t is bijection, 
then from equation (2.33) it follows that 

(2.39) j{a)=t-\r{a)) 

Since, by construction, diagram (5) is commutative, then transformation (2.38) 
coincides with transformation (2.31). We can write the equation (2.35) as 

(2.40) T-i(c.(G(r(ai)),...,G(r(a„)))(i?(m))) =c.(^^(j(ai),...,F(j(a„)))(J(m)) 

Therefore {t^^, T^^) is morphism of representations G and F (the statement (7) of 
the theorem). 

Diagram (6) is the most simple case in our prove. Since map / is immersion 
and diagram (2) is commutative, we identify n G N and R(m) when n 6 lm.R. 
Similarly, we identify corresponding transformations. 

(2.41) g'{^{r{a))){I{R{m))) = I{G{r{amR{m))) 
u{g\r{ai)), ...,g'{r(a,,mR{m)) = I{iv{G{ria,), ...^^ 

Therefore, (i, /) is morphism of representations G and g (the statement (8) of the 
theorem). 

To prove the statement (9) of the theorem we need to show that defined in 
the proof representation g' is congruent with representation g, and operations over 
transformations are congruent with corresponding operations over *N. 

5'(*(r(a)))(/(i?(m))) = IiG{r{amRim))) by (2.41) 

= /(G(t(j(a)))(r(J(m)))) by (2.15), (2.19) 

= IT{FU{a)){J{m))) by (2.34) 

= ITJ{f{a){m)) by (2.29) 

= i?(/(a)(m)) by (2.17) 

= g{r{a)){R{m)) by (2.3) 

a;(G(r(ai)), G{r{a^mR{m)) = T{u:{F{j{a,), F{j{a^))){J{m))) 

= T(F(c.(.?(ai),...,j(«n)))(J(m))) 
= T{F{j{uj{a,,...,a„))){J{m))) 
= T(J(/(w(ai,...,a„))(m))) 

□ 

Definition 2.16. Let 

f : A^*M 

be representation of 57i-algebra A, 

g:B^*N 

be representation of 51i-algebra B. Let 

r : A ^ B R : M ^ N 

be morphism of representations from / into g such that / is isomorphism of J7i-al- 
gebra and g is isomorphism of f22-algebra. Then map (r, R) is called isomorphism 
of repesentations. □ 
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Theorem 2.17. In the decomposition (2.21), the map {t,T) is isomorphism of 
representations F and G. 

Proof. The statement of the theorem is corollary of definition 2.16 and statements 
(6) and (7) of the theorem 2.15. □ 

From theorem 2.15 it follows that we can reduce the problem of studying of 
morphism of representations of fii-algebra to the case described by diagram 

J 



(2.42) 



M/S 




Theorem 2.18. We can supplement diagram (2.42) with representation Fi offli- 
algebra A into set M/S such that diagram 

(2.43) 




is commutative. The set of transformations of representation F and the set of 
transformations of representation Fi coincide. 

Proof. To prove theorem it is enough to assume 

Fi(a)=n?(«)) 

Since map j is surjection, then ImFi = ImF. Since j and F are homoniorphisms 
of r^i-algebra, then Fi is also homomorphism of fii-algebra. □ 

Theorem 2.18 completes the series of theorems dedicated to the structure of 
morphism of representations i7i-algebra. From these theorems it follows that we 
can simplify task of studying of morphism of representations 17i-algebra and not 
go beyond morphism of representations of form 

id : A ^ A R: M N 
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In this case we identify morphism of (id, R) representations of Jli-algebra and map 
R. We will use diagram 




A 



to represent morphism {id, R) of representations of Jli-algebra. From diagram it 
follows 

(2.44) Rof{a)^g{a)oR 

By analogy with definition 2.11. we give following definition. 

Definition 2.19. Wc define category T -k A T*-representations of fii-algebra 

A. r*-representations of fii-algebra A are objects of this category. Morphisms 
{id, R) of r*-representations of fii-algebra A are morphisms of this category. □ 

3. Automorphism of Representation of Universal Algebra 
Definition 3.1. Let 

f ■.A^*M 

be representation of fii-algebra A in ri2-algebra M . The morphism of representa- 
tions of r^i-algebra 

{r : A-^ A,R: M ^ M) 
such, that r is cndomorphism of i^i-algebra and R is endomorphism of i72-algebra 
is called endomorpiiism of representation /. □ 

Definition 3.2. Let 

/ : A -> *M 

be representation of fii-algebra A in r22-algebra A/. The morphism of representa- 
tions of r^i-algebra 

{r : A^ A,R: M ^ M) 
such, that r is automorphism of f^i-algebra and R is automorphism of 172-algebra 
is called automorphism of representation /. □ 

Theorem 3.3. Let 

f ■.A'^*M 

be representation of fli- algebra A in fl2-algebra M. The set of automorphisms of 
the representation f forms loop 2l(/) 

^Look [3], p. 24, [2] for definition of loop. 
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Proof. Let {r,R), {p,P) be automorphisms of the representation /. According to 
definition 3.2 maps r, p are automorphisms of f^i-algcbra A and maps R, P are 
automorphisms of r22-algebra M. According to theorem II. 3. 2 ([7], p. 57), the 
map rp is automorphism of f2i-algebra A and the map RP is automorphism of fl2- 
algebra M. From the theorem 2.10 and the definition 3.2, it follows that product of 
automorphisms (rp, RP) of representation / is automorphism of the representation 
/• 

Let (r, R) be an automorphism of the representation /. According to definition 
3.2 the map r is automorphism of fii-algebra A and the map R is automorphism of 
i72-algebra Af . Therefore, the map r^^ is automorphism of i7i-algebra A and the 
map R^^ is automorphism of 5l2-algebra M. The equation (2.4) is true for auto- 
morphism (r, R). Assume a' — r{a), m' ~ Rim). Since r and R are automorphisms 
then a = r~^(a'), m = R~^{m') and we can write (2.4) in the form 

(3.1) R{f{r-\a'j){R-\m')))=g{a'){m') 

Since the map R is automorphism of f22-algebra A/, then from the equation (3.1) 
it follows that 

(3.2) f{r-\a')){R-\m')) = R-\g{a'){m')) 

The equation (3.2) corresponds to the equation (2.4) for the map (r^^, R~^). There- 
fore, map (r~^, R~^) of the representation /. □ 

Remark 3.4. It is evident that the set of automorphisms of f2i-algebra A also forms 
loop. Of course, it is attractive to assume that the set of automorphisms forms 
a group. Since the product of automorphisms / and g is automorphism fg, then 
automorphisms {fg)h and f{gh) are defined. However, it does not follow from this 
statement that 

ifg)h = f{gh) 

□ 

4. Vector Space 

To define r*-representation 

f : R^*M 

of ring R on the set A/ we need to define the structure of the ring on the set *M.'^ 

^Is it possible to define an addition on the set *AI, if tfiis operation is not defined on tfie set 
M. The answer on this question is positive. 

Let M = B U C and let F : _B ^ C be one to one map. We define the set * M of T^-transfor- 
mations of the set M according to the following rule. Let V C B. Let the T*-transformation Fy 
be given by 

X e B\v 

x£V 

X e c\F{v) 

X G F{V) 

We define sum of T*-transformations according rule 

Fv + Fw = FvAW 

V AW = {vuw)\{vnw) 

It is evident that 

F0 + Fv = Fv 
Fv + Fv = F0 



Fyx -. 



Fx 
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Theorem 4.1. T-k -representation f of the ring R on the set M is defined iff T-k- 
representations of multiplicative and additive groups of the ring R are defined and 
these T-k-representations hold relationship 

f{a{b + c))^fia)f{b) + fia)fic) 

Proof. Theorem follows from definition 1.4. □ 

Definition 4.2. AI is a i?*-module over a ring i? if M is an Abelian group and 
there exists TT^-representation of ring R. □ 

According to our notation i?*-module is left module and ★i?-module is right 
module. 

Since a field is a special case of a ring, vector space over the field has more 
properties then module over the ring. It is very hard, if possible at all, to extend 
definitions, which work in a vector space, to a module over an arbitrary ring. A 
definition of a basis and dimension of vector space are closely linked with the 
possibility of finding a solution of a linear equation in a ring. Properties of the 
linear equation in division ring are close to properties of the linear equation in 
field. This is why we hope that properties of vector space over division ring are 
close to properties of the vector space over the field. 

Theorem 4.3. T-k-representation of the division ring D is effective iff T-k-repre- 
sentation of its multiplicative group is effective. 

Proof. Suppose 

(4.1) f:D^*M 

is T*-representation of the division ring D. Suppose elements a, b of of the multi- 
plicative group cause the same T*-transformation. Then 

(4.2) f{a)m = f{b)m 

for any m £ AI . Performing transformation f{a~^) on both sides of the equation 

(4.2) , we obtain 

m^f{a-')ifib)m)^f{a-'b)m 

a 

According to the remark 1.9, since the representation of the division ring is 
effective, we identify an element of the division ring and T*-transformation corre- 
sponding to this element. 

Definition 4.4. V is a. _D*-vector space over a division ring D if y is an Abelian 
group and there exists effective T*-representation of division ring D. □ 

Theorem 4.5. Following conditions hold for Dkc-vector space: 

• associative law 

(4.3) {ab)rfi = a{bm) 

• distributive law 

(4.4) a(m -t- n) = am -\- an 

(4.5) (a + 6)m = am + 6m 



Therefore, the map Fij) is zero of the addition, and the set * M is the Abehan group. 
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• unitarity law 

(4.6) Im = m 

for any a,h £ D , rn,n £ V . We call T-k-representation D*-product of vector 
over scalar. 

Proof. Since T*-transforination a is automorphism of the Abehan group, we obtain 
the equation (4.4). Since T*- representation is homomorphism of the aditive group 
of division ring D, we obtain the equation (4.5). Since T*-representation is T*-rep- 
resentation of the multiphcativc group of division ring D, wc obtain the equations 
(4.3) and (4.6). □ 

According to our notation D^-vector space is left vector space and *D- vector 
space is right vector space. 

Definition 4.6. Let y be a D^-vector space over a division ring D. Set of vectors 
is a subspace of Z3*- vector space V if 

a + b eN 
fca e A 
a,bGN keD 

□ 

Example 4.7. Let be set of m x ji matrices over division ring D. We define 
addition 

a + b= (a'] + (b^,) = fa^+fef 



and product over scalar 

da = d (o-fj — (dai 

a = iff = for any i, j. Wc can verify directly that D™ is a D*- vector space, 
when product is defined from left. Otherwise D™ is ★_D-vcctor space. Vector space 
Z?™ is called D^-matrices vector space. □ 

5. Vector Space Type 

The product of vector over scalar is asymmetric because the product is defined 
for objects of different sets. However we see difference between D*- and ★D-vector 
space only when we work with coordinate representation. When we speak vec- 
tor space is D-k- or *D- we point out how wc multiply coordinates of vector over 
elements of division ring: from left or right. 

Definition 5.1. Suppose u, v are vectors of _D*-vector space V . We call vector 
w D*-linear composition of vectors u and v when we can write w — au + bv 
where a and b arc scalars. □ 

We can extend definition of the linear composition on any finite set of vectors. 
Using generalized indexes to enumerate vectors we can represent set of vectors as 
one dimensional matrix. We use the convention that we represent any set of vectors 
of the vector space or as *-row either as *-row. This representation defines type 
of notation of linear composition. Getting this representation in D^- or Tk-I?- vector 
space we get four different models of vector space. 
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For an opportunity to show without change of the notation what kind of vector 
space {D-k- or -kD-) we study we introduce new notation. We call symbol D-k 
vector space type and this symbol means that we study _D*-vector space over 
division ring D. The symbol of product in the type of vector space points to matrix 
operation used in the linear composition. 

Example 5.2. Let *-row 

a 

"'a 

represent the set of vectors 'a, i E I, of Z3,*-vector space V and *-row 

c = ( Ci ... c„ ) 

represent the set of scalars Ci, i € I. Then we can write the linear composition of 
vectors *a as 

Ci *a = c»*a 

We use notation d,'V when we want to tell that V is £',*-vector space. □ 
Example 5.3. Let ,-row 

a=(^ia ... „a 

represent the set of vectors ^a, i £ /, of Z3**-vector space V and *-row 

/ 



represent the set of scalars c', i G I. Then we can write the linear composition of 
vectors ia as 

We use notation d*,V when we want to tell that V is D**-vector space. □ 
Example 5.4. Let *-row 

a = 

\ a" 

represent the set of vectors a*, i E I, of **Z?-vector space V and *-row 



c = ( ic ... „c ^ 



represent the set of scalars iC, i £ I. Then we can write the linear composition of 
vectors a* as 

Qi 2'-' — ^ H= ^ 

We use notation V*^d when we want to tell that V is vector space. □ 
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Example 5.5. Let *-row 

a = ( fli ■■■ an ) 
represent the set of vectors Ai, i ^ I, of vector space V and *-row 



represent the set of scalars iC, i ^ I. Then wc can write the hnear composition of 
vectors Hi as 

Qi *c = a**c 

We use notation V^ *d when we want to tell that V is vector space. □ 

Remark 5.6. Wc extend to vector space and its type convention described in remark 
[6J-2.15. For instance, we execute operations in expression 

from left to right. This corresponds to the **D-vcctor space. However we can 
execute product from right to left. In custom notation this expression is 

Xv%B%A 

and corresponds to D**-vector space. Similarly, reading this expression from down 
up we get expression 

A*^,B*^,vX 

corresponding to vector space. □ 

6. **D-Basis of Vector Space 

Definition 6.1. Vectors Ai, i £ I, of **_D-vcctor space V are **D-linearly 
independent if c = follows from the equation 

X*c== 

Otherwise vectors Ai arc **£)-linearly dependent. □ 

Definition 6.2. We call set of vectors e— {ei,i El) a **£'-basis for vector 

space if vectors Ci are **£'-linearly independent and adding to this system any 
other vector wc get a new system which is **Z?-lincarly dependent. □ 

Theorem 6.3. If e is a ^*D-basis of vector space V then any vector v E V has 
one and only one expansion 

(6.1) v = e^:*v 
relative to this ^* D -basis. 

Proof. Because system of vectors is a maximal set of **£'-linearly independent 

vectors the system of vectors TJ, e; is £'**-linearly dependent and in equation 

(6.2) vb + e^*c^O 
at least b is different from 0. Then equation 

(6.3) v^e,*{-cb-^) 
follows from (6.2). (6.1) follows from (6.3). 
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Assume we get another expansion 

(6.4) V = e^:*v' 
We subtract (6.1) from (6.4) and get 

= e»*(w' — v) 
Because vectors Ci arc **£'-lincarly independent we get 

v' -v = 

□ 

Definition 6.4. We call the matrix v in expansion (6.1) coordinate matrix of 
vector V in **£'-basis e and we call its elements coordinates of vector v in 
,*_D-basis e. □ 

Theorem 6.5. Set of coordinates a of vector a relative ^*D-basis e forms ^*D- 
vector space Z?" isomorphic ^* D-vector space V. This ^* D-vector space is called 
coordinate vector space. This isomorphism is called coordinate 
isomorphism. 

Proof. Suppose vectors a and b E V have expansion 

a = 6**0 
b = e^*b 

relative basis e. Then 

a + b = e»*a + e**& = e**(a + b) 
am = (e**a)m = e**(ma) 
for any m G D. Thus, operations in a vector space are defined by coordinates 

\a + b) ^ 'a + 'b 
^{am) = ^am 

This completes the proof. □ 

Example 6.6. Let e = (e^, i E I, \I\ = n) be a **r'-basis of vector space D". The 
coordinate matrix 

/ ifl \ 
a = ••• = S ^) 
V "« / 

of vector a in **Z?-basis e is called **Z)- vector."' We call vector space 13" *-rows 
**D-vector space. 

Let *-row 

(6.5) A^[a, ... ) ^(AjJeJ) 

be set of vectors. Vectors Aj have expansion 

Aj = e:t*Aj 



^**Z)-vector is an analogue of column vector. We can also call it *-row Z)*-vector. 
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If we substitute coordinate matrices of vectors Aj in the matrix (6.5) we get matrix 



A 



( ( 'A, 



1 4 



^ A 



Ml 



Ml 



^ A 



We call the matrix A coordinate matrix of set of vectors {Aj ,jGJ) in basis 
e and we call its elements coordinates of set of vectors {Aj,j G J) in basis e. 
*-Row 

7 = f 7i - 7n ) ={7j,j&i) 



represents the **D-basis / of *-rows vector space Z?". We tell that coordinate 
matrix / of set of vectors {fj,j G /) defines coordinates of basis / relative 
basis e. □ 

Example 6.7. Let e = (■'e, j G J, \ J\ = m) be a £'**-basis of vector space £>„. 
The coordinate matrix 



a = fli •■• am ) (aj,j G -'^) 



of vector a in £'**-basis e is called L'**-vector.'^ We call vector space I?„ *-rov^rs 
D**-vector space. 

Let *-row 

■ ^A 



(6.6) 



(M,*e/) 



be set of vectors. Vectors 'A have expansion 

M = M/e 

If we substitute coordinate matrices of vectors ^A in the matrix (6.6) we get matrix 



A = 



V 



^ 4 



)) 



1 4 



n A 



We call the matrix A coordinate matrix of set of vectors (M,i G A/) in basis 
e and we call its elements coordinates of set of vectors (M, i G M) in basis e. 
*-Row 

7 = f 7 - "7 ) = C7,*e^) 



represents the _D**-basis / of *-rows vector space £)„. Wc tell that coordinate 
matrix / of set of vectors {^f,i G J) defines coordinates */j of basis / relative 
basis e. □ 

Since we express linear composition using matrices we can extend the duality 
principle to the vector space theory. We can write duality principle in one of the 
following forms 



Z)**-vector is an analogue of row vector. Wc can also call it »-row D*- vector 
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Theorem 6.8 (duality principle). Let 21 be true statement about vector spaces. If 
we exchange the same time 

• D^* -vector and D* ^-vector 

• If* D-vector and * tfD-vector 

• If* -product and * ^.-product 
then we soon get true statement. 

Theorem 6.9 (duality principle). Let 21 be true statement about vector spaces. If 
we exchange the same time 

• D:f* -vector and D-vector or D* ^-vector and * ^^D-vector 

• ^* -quasideterminant and * ^-quasideterminant 
then we soon get true statement. 

7. **£)-LiNEAR Map of Vector Spaces 

Definition 7.1. Suppose V is **S'-vector space. Suppose U is **T-vcctor space. 
Morphism 

f-S A:V 

of T*-representations of division ring in Abelian group is called {**S, **T)-linear 
map of vector spaces. □ 

By theorem 2.15 studying (**5', ,*T)-linear map we can consider case S = T. 

Definition 7.2. Suppose V and W are **£'-vector spaces. We call map 

(7.1) A:V^W 
**L)-linear map of vector spaces if' 

(7.2) A{m^*a) =A{m)^*a 

for any 'a G D, mt £V. □ 
Theorem 7.3. Let 

_ 7 = (7.,*G/) 

be a ^* D-basis of vector space V and 

^= {ejj G J) 

be a !f*D-basis of vector space U. Then D-linear map (7.1) of vector spaces has 
presentation 

(7.3) b = A**a 
relative to selected bases. Here 

• a is coordinate matrix of vector a relative the ^*D-basis f 

• b is coordinate matrix of vector 

b = A{a) 

relative the ^* D -basis e 

• A is coordinate matrix of set of vectors (A(fi)) in ^,*D-basis e called 
matrix of **_D-linear mapping relative bases f ande 



"Expression A(m),*a means expression A(mi) *a 
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Proof. Vector a has expansion 

a = f^,*a 

relative to **D-basis /. Vector b = f(a) £ U has expansion 

(7.4) b = e,*b 

relative to **£'-basis e. 

Since A is a **£'-linear map, from (7.2) it follows that 

(7.5) b = Aia)^A{f,*a)=A(f),*a 
A{f .i) is also a vector of U and has expansion 

(7.6) A{7,) = e,*A = e,^A, 
relative to basis e. Combining (7.5) and (7.6) we get 

(7.7) 6 = e**^H.*a 

(7.3) follows from comparison of (7.4) and (7.7) and theorem 6.3. □ 

On the basis of theorem 7.3 wc identify the H.*£'-linear map (7.1) of vector spaces 
and the matrix of its presentation (7.3). 

Theorem 7.4. Let _ 

_ 7 =(/.,*£/) 
be a ^*D-basis of vector space V, 

1= {ej,j e J) 
be a D^* -basis of vector space U , and 

be a ^*D-basis of vector space W. Suppose diagram of mappings 

V 





u 

is commutative diagram where f* D -linear mapping A has presentation 

(7.8) b^A^*a 

relative to selected bases and D-linear mapping B has presentation 

(7.9) c = B^*b 

relative to selected bases. Then mapping C is f* D-linear mapping and has presen- 
tation 

(7.10) 

relative to selected bases. 
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Proof. The mapping C is **£'-liiicar mapping because 

C^*{f^*a) = {A^* B)^*{f^*a) 
= B,*(A,*(f,*a)) 

= g,*{B,*iA,*a)) 
= g,*{{B,*A),*a) 
= g**{C:t:*a) 

Equation (7.10) follows from substituting (7.8) into (7.9). □ 
Presenting **_D-linear map as **-product we can rewrite (7.2) as 

(7.11) A,*{ak) = (A^*a)k 

We can express the statement of the theorem 7.4 in the next form 

(7.12) B^*(A^*a) = (B,*A),*a 

Equations (7.11) and (7.12) represent the associative law for »*£'-linear maps 
of vector spaces. This allows us writing of such expressions without using of 
brackets. 

Equation (7.3) is coordinate notation for **D-linear map. Based theorem 7.3 
non coordinate notation also can be expressed using **-product 

(7.13) b = A^,*a ~ A^,* f a = e^,* A^,* a 

If we substitute equation (7.13) into theorem 7.4, then we get chain of equations 

c = B^*b = B^*e,*b = g^*B^*b 

c = B^ A^ a — A^ f ^ a — t/^ B^ A^ o. 

Remark 7.5. One can easily see from the an example of **D-linear map how theorem 
2.15 makes our reasoning simpler in study of the morphism of T^-representations 
of il- algebra. In the framework of this remark, we agree to call the theory of »*_D- 
lincar mappings reduced theory, and theory stated in this remark is called enhanced 
theory. 

Suppose V is **S'-vcctor space. Suppose U is **r-vector space. Suppose 

r:S A:V ^17 

is (**S', **T) -linear map of vector spaces. Let 

7 =(/.,*£/) 
be a **S'-basis of vector space V and 

1= {ej,j e J) 

be a **T-basis of vector space U. 

From definitions 7.1 and 2.2 it follows 

(7.14) b = A{a) = A(f,*a) = 3(7),*r(a) 
A{fi) is also a vector of U and has expansion 

(7.15) A(f,) ^e,*A,^e, 'A, 
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relative to basis e. Combining (7.14) and (7.15), we get 

(7.16) b = e,*A,*r{a) 
Suppose W is ^*£'-vcctor space. Suppose 

p:T B -.U 

is (**T, **£')-linear map of vector spaces. Let 

V= iViJ e L) 

be **£'-basis of vector space W. Then, according to (7.16), the product of (**S', »*r)- 
hnear map {r,A) and (**T, ^*D)-hnear map {p,B) has form 

(7.17) c = K*B^*p{A)^*pr{a) 

Comparison of equations (7.10) and (7.17) that extended theory of hnear maps is 
more comphcated then reduced theory. 

If we need we can use extended theory, however we wiU not get new rcsuhs 
comparing with reduced theory. At the same time plenty of details makes picture 
less clear and demands permanent attention. □ 

8. System of **£)-Linear Equations 

Definition 8.1. Let be a **D-vector space and {Ai G G /} be set of 
vectors. **£'-linear span in vector space is set span(^i,i G /) of vectors ,*_D- 
linearly dependent on vectors A^. □ 

Theorem 8.2. Let span{Ai,i G /) be ^* D-linear span in vector space V. Then 
span{Ai,i G /) is subspace ofV. 



Proof. Suppose 



According to definition 8.1 



b G span(Ai, i G /) 
c G spaii{Ai, i Q I) 



b = A,*b 
c = A^*c 

Then 

b + c = A^*b + A^*c^A^*{b + c) e span(Ai,i G /) 
bk = (A^*b)k^ X*(&fc) G span(Ai, i G /) 
This proves the statement. □ 
Example 8.3. Let y be a **Z)-vector space and *-row 

^= ( Ai ... A^ ) =(A,,ieI) 

be set of vectors. To answer the question of whether vector b G span(Ai, i £ I) we 
write linear equation 

(8.1) b^A,*x 
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where 



is *-row of unknown coefBcicnts of expansion, b € span(^i, i £ I) if equation (8.1) 

has a solution. Suppose / — {fj,j G J) is a **Z)-basis. Then vectors b, Ai have 
expansion 

(8.2) h = b*l 

(8.3) A, =7,*A, 
If we substitute (8.2) and (8.3) into (8.1) we get 

(8.4) 7/&=7**A,*x 

Applying theorem 6.3 to (8.4) we get system of **£'-linear equations 

(8.5) A*x = b 

We can write system of »*Z)-linear equations (8.5) in one of the next forms 
/^Ai ... 



(8.6) 



'A, 









( \ 


I- 


\^x] 








J 6 








X - 


= 16 


j ra 




X - 


= ""b 



□ 

Example 8.4. Let V he a, D,*-vcctor space and *-row 

A=\ .._ =(^A,j e J) 
M / 

be set of vectors. To answer the question of whether vector 6 e span(-'yl, j G J) 
we write linear equation 

(8.7) b = x^*A 

where 

X ^ Xi ... Xjji ^ 

is *-row of unknown coefHcients of expansion. b £ sj>an{^ A, j £ J) if equation 

(8.7) has a solution. Suppose / = C/i* G ^) is a £'**-basis. Then vectors b, ^ A 
have expansion 

(8.8) 6 = 6**7 

(8.9) ^A = ^A^*J 
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If we substitute (8.8) and (8.9) into (8.7) we get 

(8.10) K*7 ^x,*A,*J 

Applying theorem 6.3 to (8.10) we get system of D**-linear equations^ 

(8.11) x^*A^b 

We can write system of I?**-linear equations (8.11) in one of the next forms 

/ 'A, ... M„ 

f \ * 

V 'Ml ... ™A„ 



( &i ... &„ ) 



.12) 



Xj Ai — bi 



xi ^Ai 



Ml 



bi 



Xi ^Ar. 



' A 



□ 



Definition 8.5. If n x n matrix A has »*-inverse matrix we call such matrix 
nonsingular matrix. Otherwise, we call such matrix **-singular matrix. □ 

Definition 8.6. Suppose A is -nonsingular matrix. We call appropriate system 
of **£'-linear equations 

(8.13) A^*x^b 

nonsingular system of **Z3-linear equations. □ 

Tiieorem 8.7. Solution of nonsingular system of ^* D-linear equations (8.13) is 
determined uniquely and can be presented in either form^ 

(8.14) x = A-^'\*b 

(8.15) a; = i?det(A,/),*6 

Proof. Multiplying both sides of equation (8.13) from left by we get (8.14). 

Using definition [6]-(3.12) we get (8.15). Since theorem [6]-(2.16) the solution is 
unique. □ 



^Reading system of ,*D-linear equations (8.5) from bottom up and from left to right we get 
system of D*, -linear equations (8.11). 

®We can see a solution of system (8.13) in theorem [4J-1.6.1. I repeat this statement because 
I slightly changed the notation. 
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9. Rank of Matrix 

Definition 9.1. Matrix'' At is a minor of an order k. □ 

Definition 9.2. If minor ^At is **-nonsingular matrix then we say that **-rank 
of matrix A is not less then k. **-rank of matrix A 

rank,* A 

is the maximal value of k. We call an appropriate minor the ,*-major minor. □ 

Theorem 9.3. Let matrix A be ^* -singular matrix and minor ^ At be major minor. 
Th 



en 







(9.1) Pclet(^^^P>^TuW,**)^ 

Proof. To understand why minor '^'^''^''''^Tufr} does not have **-inverse matrix/'' 
we assume that it has the **-inverse matrix and write down the respective system 
[6]-(3.2), [6]-(3.3). We assume i = r, j = p and will try to solve this system. 
Assume 

(9.2) B = '^''^p^Atum 
Than we get system 

(9.3) ^ Bt**^ B ^' p + ^ Bj, ^ B ^* p = 

(9.4) PBT.*^B-'''p+PBr 'B-'-'p = 1 
We muhiply (9.3) by (^Bt)"^*' 

(9.5) ^B-^-'p + {'^BT)-^-\*^Br ''B'^-\ = 
Now we can substitute (9.5) into (9.4) 

(9.6) - PBT**{^BT)-''\*^Br ''B-'-'p + PBr ''B-'-'p = 1 
From (9.G) it follows that 

(9.7) {PBr-PBT**['^BTy^'\*^Br) ""B-^-'p^l 

Expression in brackets is quasidcterminant p det (_B, **)^. Substituting this expres- 
sion into (9.7), we get 

(9.8) ?'det(B,/)^ '■B-i-*p = l 

Thus we proved that quasideterminant p dot (_B, ^*)^. is defined and its equation to 
is necessary and sufficient condition that the matrix B is singular. Since (9.2) 
the statement of theorem is proved. □ 



^In this section, we will make the following assumption. 

• i 6 M, \M\ = m, j e N, \N\ = n. 

• A = {^Aj) is an arbitrary matrix. 

• k, s e S D Ad, I, t GT D N, k = \S\ = \T\. 

• p & M\S, r e N\T. 

^^It is natural to expect relationship between ** -singularity of the matrix and its «* -quasideter- 
minant similar to relationship which is known in commutative case. However t*-quasideterminant 
is defined not always. For instance, it is not defined when «*-inverse matrix has too much elements 
equal 0. As it follows from this theorem, the ,* -quasideterminant is undefined also in case when 
,*-rank of the matrix is less then n — 1. 
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Theorem 9.4. Suppose A is a matrix, 

rank,* A ~ k < m 

and ^ At is 9,* -major minor. Then ^-row ^A is a D^,* -linear composition of 9, -rows 

(9.9) ^ R^*'^A 

(9.10) PA = PR,*'^A 

(9.11) PAb^PRs'Ab 

Proof. If a number of *-rows is k then assuming that *-row ^A is a Z?,*-hnear com- 
bination (9.10) of *-rows sA with coefheients pRs we get system (9.11). According 
to theorem 8.7 this system has a unique solution^^ and it is nontrivial because ah 
**-quasideterminants are different from 0. 

It remains to prove this statement in case when a number of *-rows is more then 
k. I get *-row ^A and *-row Ar. According to assumption minor ^^^^^ Axuir} is a 
**-singular matrix and its »*-quasideterminant 

(9.12) Pdet(^^{P>^TuW,**)^ = 
According to [6]-(3.14) the equation (9.12) has form 

PAr - PAT.*i{^AT)-^'').*^Ar = 

Matrix 

(9.13) PR^PAT.*{{^ATr^'') 
do not depend on r, Therefore, for any r E N \ T 

(9.14) PAr=PR,*'^Ar 

From equation 

{{^Ar)-''').*''A=^6i 

it follows that 

(9.15) PAi = pAt,*^6i = pAt.*{{''At)-''').*^Ai 
Substituting (9.13) into (9.15) we get 

(9.16) PAi=PR,*^Ai 

(9.14) and (9.16) finish the proof. □ 

Corollary 9.5. Suppose A is a matrix, rank,. A ~ k < m. Then t,-rows of the 
matrix are D ^* -linearly dependent. 

(9.17) K*A = Q 

Proof. Suppose H.-row pA is a Z?,*-lincar composition (9.10). We assume Ap = — 1, 
As = PRs and the rest Ac = 0. □ 

Theorem 9.6. Let ('vl,i (E M, \M\ = m) be set of D^* -linear independent vectors. 
Then ^* -rank of their coordinate matrix equal m. 



"'^"'^We assume that unknown variables are Xs = ^Rs 
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Proof. According to model built in example 6.7, the coordinate matrix of set of 
vectors (M) relative basis e consists from *-rows which arc coordinate matrices of 
vectors relative the basis e. Therefore ^*-rank of this matrix cannot be more 
then m. 

Let ,t*-rank of the coordinate matrix be less then m. According to corollary 9.5 
*-rows of matrix are £'**-linear dependent. Let us multiply both parts of equation 
(9.17) over *-row e. Suppose c = A**v4. Then we get that £'**-linear composition 



of vectors of basis equal 0. This contradicts to statement that vectors e form basis. 



Theorem 9.7. Suppose A is a matrix, 

rank^. A = k < n 

ana ^At is -major minor. Then * -row A,, is a ^,*D-linear composition of*-rows 



Proof. If a number of ^-rows is k then assuming that *-row Aj. is a ^*D-linear com- 
bination (9.19) of *-rows At with coefficients *Rr we get system (9.20). According 
to theorem 8.7 this system has a unique solution^^ and it is nontrivial because all 
**-quasideterminants are different from 0. 

It remains to prove this statement in case when a number of *-rows is more then 
k. I get *-row Ar and *-row ^A. According to assumption minor ^^^^^ ATu{r} is a 
**-singular matrix and its i?C-quasideterminant 



We proved statement of theorem. 



□ 



At 



(9.18) 
(9.19) 
(9.20) 




Aj^^* R 
At * * Rr 

"At 'Rr 



(9.21) 




According to [6]-(3.14) (9.21) has form 



PAr - PAT,*{{'^AT)-^''),*'^Ar = 



Matrix 



(9.22) Rr = ((^^t)"'**)**^A 
do not depend on p, Therefore, for any p £ M \S 

(9.23) PAr^PAT.*Rr 



From equation 



'=At**((^At)-i-*). = "5. 



it follows that 



(9.24) ''Ar = ''5s.*'^Ar - *'-At**((^^t)-'**)% 
Substituting (9.22) into (9.24) we get 

(9.25) ''Ar = ''AT**Rr 

(9.23) and (9.25) finish the proof. 




□ 



'We assume that unknown variables are tx = ^Rr 
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Corollary 9.8. Suppose A is a matrix, rank^» A = k < m. Then *-rows of the 
matrix are D -linearly dependent. 

A^*\^Q 

Proof. Suppose *-row A^ is a right linear composition (9.19). We assume ''A ^ —1, 
^XjRr and the rest '^A = 0. □ 

Base on theorem [6]-3.8 we can write similar statements for *,t-rank of matrix. 

Theorem 9.9. Suppose A is a matrix, 

rank.,^ A = k < m 

ana tA^ is * ^-major minor. Then t-row A^ is a * ^D-linear composition of t-rows 
A". 

(9.26) 74*^\^ = 

(9.27) AP = A^%RP 

(9.28) bAP = bA' 

Corollary 9.10. Suppose A is a matrix, rank.,^ A = k < m. Then ^-rows of matrix 
are *\fD-linearly dependent. 

A%X = 

Theorem 9.11. Suppose A is a matrix, 

rank*^ A ~ k < n 

ana tA^ is * -major minor. Then * -row rA is a D* ^-linear composition of * -rows 
tA 

(9.29) n\tA ^ R\tA 

(9.30) rA^rR\TA 

(9.31) rA" = tA" 

Corollary 9.12. Suppose A is a matrix, rank.^ a — k< m. Then * -rows of matrix 
are D* -linearly dependent. 

WA^Q 

10. System of **L'-Linear Equations 

Definition 10.1. Suppose'^ ^ is a matrix of system of Z?**-linear equations (8.12). 
We call matrix 



('A, ... iA„\ 



(10.1) 



, b, 



Ml ... 

V fol ... hn ) 

an extended matrix of this system. □ 
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Definition 10.2. Suppose^ A is a matrix of system of **L'-linear equations (8.6). 
Wc call matrix 

/ ... 

(10.2) ( ab ) = 

an extended matrix of this system. □ 
Theorem 10.3. System of ^*D-linear equations (8.6) has a solution iff 

(10.3) rank^.(-'Aj) = rank.. (^^A, ^b^ 

Proof. Let ^ At be **-major minor of matrix A. 

Let a system of H,*Z)-linear equations (8.6) have solution = Then 

(10.4) A^*d^b 
Equation (10.4) can be rewritten in form 

(10.5) AT**^d + AN\T**^'^^d = b 
Substituting (9.18) into (10.5) we get 

(10.6) AT/^d + AT**i?,*^\^d = 6 

From (10.6) it follows that *-row is a ,*Z?-linear combination of *-rows At 

AT,*Cd + R,*^\^d) = b 

This holds equation (10.3). 

It remains to prove that an existence of solution of system of **Z3-linear equations 
(8.6) follows from (10.3). Holding (10.3) means that ^At is ,*-niajor minor of 
extended matrix as well. From theorem 9.7 it follows that *-row 6 is a ,*Z3-linear 
composition of *-rows At 

b^AT,*'^R 

Assigning ^R = we get 

b^ A^*R 

Therefore, wc found at least one solution of system of **D-linear equations (8.6). 

□ 

Theorem 10.4. Suppose (8.6) is a system of i,* D -linear equations satisfying (10.3). 
//rank.. A ~ k < m then solution of the system depends on arbitrary values ofm—k 
variables not included into -major minor. 

Proof. Let ^ At be ,*-major minor of matrix a. Suppose 

(10.7) PA,*x= "b 

is an equation with number p. Applying theorem 9.4 to extended matrix (10.1) we 
get 

(10.8) PA = PR,*'^A 

(10.9) Pb = PR^*^b 
Substituting (10.8) and (10.9) into (10.7) we get 

(10.10) PR^*^A^*x = PR,*'^b 
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(10.10) means that wc can exclude equation (10.7) from system (8.6) and the new 
system is equivalent to the old one. Therefore, a number of equations can be 
reduced to k. 

At this point, we have two choices. If the number of variables is also k then 
according to theorem 8.7 the system has unique solution (8.15). If the number of 
variables m > k then we can move m — k variables that are not included into **- 
major minor into right side. Giving arbitrary values to these variables, we determine 
value of the right side and for this value we get a unique solution according to 
theorem 8.7. □ 

Corollary 10.5. System of <,* D-linear equations (8.6) has a unique solution iff its 
matrix is nonsingular. □ 

Theorem 10.6. Solutions of a homogenous system of <,* D -linear equations 

(10.11) A^*x = Q 
form a ^* D-vector space. 

Proof. Let X be set of solutions of system of **£'-linear equations (10.11). Suppose 
X = ("x) e X and y= {"y) £ X Then 

x" = 

aa" = 

Therefore 

'Aj {^x + Jy) = Mj- ^x + 'Aj ^y = 
X + y = { ^x + ^y) 

The same way we see 

i^xb) = (Mj- ^x)b = 
xb = {'xh) e X 

According to definition 4.4 X is a vector space. □ 

11. Nonsingular Matrix 

Suppose A is n x n matrix. Corollaries 9.5 and 9.8 tell us that if rank^. A < n 
then *-rows are _D,t*-lincarly dependent and *-rows are **Z?-linearly dependent.^''* 

Theorem 11.1. Let A be n x n matrix and *-row Ar be a D-linear combination 
of other *-rows. Then rank^» A < n. 

Proof. The statement that *-row Ar is a **Z)-linear combination of other *-rows 
means that system of ,*D-linear equations 

Aj. ^ A^j.'^^ A 

has at least one solution. According theorem 10.3 

rank^. A ~ rank^. Aj^j 

Since a number of *-rows is less then n we get rank^. ^[r] < n. □ 

Theorem 11.2. Let A be n x n matrix and ^-row ^A be a D^* -linear combination 
of other ^-rows. Then rank^. A < n. 



13i 



This statement is similar to proposition [5]-1.2.5. 
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Proof. Proof of statement is similar to proof of theorem 11.1 □ 
Theorem 11.3. Suppose A and B are n x n matrices and 

(11.1) C^A,*B 

C i.s * * -singular matrix iff either matrix A or matrix B is ^* -singular matrix. 

Proof. Suppose matrix B is **-singular. According theorem 9.7 *-rows of matrix 
B are **D-linearly dependent. Therefore 

(11.2) = S**A 
where X ^ 0. From (11.1) and (11.2) it follows that 

C**A = A^* B ^* X — 

According theorem 11.1 matrix C is H.*-singular. 

Suppose matrix B is not **-singular, but matrix A is **-singular According to 
theorem 9.4 *-rows of matrix A are **Z)-linearly dependent. Therefore 

(11.3) O^A^*^l 
where ^ 0. According to theorem 8.7 the system 

B^*X = n 

has only solution where A 7^= 0. Therefore 

C^*X = A,*B,*X^ A^y = 

According to theorem 11.1 matrix C is H.*-singular. 

Suppose matrix C is **-singular matrix. According to the theorem 9.4 *-rows of 
matrix C arc **£'-linearly dependent. Therefore 

(11.4) = C,*X 
where A 7^ 0. From (11.1) and (11.4) it follows that 

O^A,*B^*X 

If 

= B^*X 

satisfied then matrix B is ,t*-singular. Suppose that matrix B is not **-singular. 
Let us introduce 

fi = B^*X 

where fJ- ^ 0. Then 

(11.5) = A,> 

From (11.5) it follows that matrix A is »*-singular. □ 

Basing theorem [6]-3.8 we can write similar statements for £'**-linear combina- 
tion of *-rows or **£)-linear combination of *-rows and **-quasideterminant. 

Theorem 11.4. Let A be n x n matrix and * -row rA be a * ^D-linear combination 
of other * -rows. Then rank.^ A < n. 

Theorem 11.5. Let A be n x n matrix and ^,-row A^ be a D* -linear combination 
of other ^,-rows. Then rank.^ A < n. 

Theorem 11.6. Suppose A and B are n x n matrices and C = A*.^,B. C is 
singular matrix iff either matrix A or matrix B is * ^ -singular matrix. 
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Definition 11.7. **-matrix group GL*^ ■'^ is a group of **-nonsingular matrices 
where we define **-product of matrices [6]-(2.1) and ,*-inverse matrix A~^* . □ 

Definition 11.8. **-matrix group GL,*^ is a group of *,-nonsingular matrices 
where we define **-product of matrices [6]-(2.2) and *, -inverse matrix A^^ •. □ 

Theorem 11.9. 

Remark 11.10. From theorem [6]-(3.10) it follows that there are matrices which are 
**-nonsingular and **-nonsingular. Theorem 11.9 implies that sets of **-nonsin- 
gular matrices and **-nonsingular matrices are not identical. For instance, there 
exists such »*-nonsingular matrix which is **-singular matrix. □ 

Proof. It is enough to prove this statement for n = 2. Assume every **-singular 
matrix 



Ml Ml 



is **-singular matrix. It follows from theorem 9.4 and theorem 9.7 that **-singular 
matrix satisfies to condition 

(11.7) M2-6'Ai 

(11.8) ^2^=6^1 

(11.9) Mi==Mic 

(11.10) ^2 = M2C 
If we substitute (11.9) into (11.8) we get 

= 6 Ml c 

b and c are arbitrary elements of division ring D and -singular matrix matrix 
(11.6) has form {d = Mi) 



(11.11) A = 



d dc ^ 
bd bdc I 



The similar way we can show that ** -singular matrix has form 

, ( d c'd\ 



(11.12) 



, db' c'db' 



From assumption it follows that (11.12) and (11.11) represent the same matrix. 
Comparing (11.12) and (11.11) we get that for every d,c Q D exists such c' £ D 
which does not depend on d and satisfies equation 

dc = c'd 

This contradicts the fact that D is division ring. □ 

Example 11.11. Since we get division ring of quaternions we assume b = 1 + k, 
c ~ j, d = k. Then we get 



A 



k kj 
{l + k)k {l + k)ki 
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2 det (A, = - 

- - J - (fc - = -I -J-{k- l)i-kK-t) 

= —i — j — kki + ki^—i— j + i+ j 
= 

idet(A**)' = i^'-i^'(2A2)"' 

= k-{k~ - 3r\~i) = k~{k- + 

= fc + - l)i + {k- ^ k + i(fci - i + kj - j)i 

= fc + i(j - i - i - j)? = k-ii 
= fc + 1 

idct(A,%)2 = -1^1(2^1)-! ^^2 

= fc - 1 - fc(-i)"i(-i - = fc - l + ki{i+j) 
^k-l+j{i+j) = k- l+ji+ jj 
= fc - 1 - fc - 1 
= -2 

2det(A%)'=2Ai-2^'(iA2)-i 

= (-Z) - {-I - j){k - l)-ifc = -z + + j)i(-fc - l)fc 
= —i — —{i + i){k + l)fc = — i — —{ik + i + jfc + j)fc 

= — i — 2^^-^ + i + i + j)k = —i — ik 
^ -i+j 

= -i - J - {-i){kr\k - 1) = -I - J + z(-fc)(fc - 1) 
= -t - j + j{k - 1) = -i - j + jk - j ^ -i - j + i - j 

The system of **£'-linear equations 

has **-singular matrix. We can write the system of ^*£'-Hnear equations (11.13) in 
the form 

J fc — i '^x = ^b 

I (fc - 1) - (t+j) 2a; =26 
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The system of **D-linear equations 

(11.14) 1^^^^^ _^'_^%[,X 2x) = {lb 2b 

has **-nonsingular matrix. We can write the system of **£'-hnear equations (11.14) 
in the form 

k ix — i ix 

+ {k~l) 2X - (i+j) 2X 
= lb = 2b 

The system of Z)**-Hnear equations 

(11.15) -7-,) = (^^ ' 

has **-singular matrix. We can write the system of £'**-Unear equations (11.15) in 
the form 



fc ix + (fc — 1) 22; = lb 
-i ix - (i + j) 2X = 2b 



xik —xii 
+ X2ik-1) -X2{i+j) 
= 61 = &2 

The system of _D**-Unear equations 

' k -i \ (^b 



xik +X2{k — 1) = &i 
—xii —X2{i + j) = &2 



fc - 1 —I - J I \ "^0 J 

has **-nonsingular matrix. We can write the system of £'**-Unear equations (11.16) 
in the form 

{k^x — i'^x ^^b 

(fc - 1) - [i+j] ^x=^b 

□ 

12. Dimension of Vector Space 

Theorem 12.1. Let V be a D-vector space. Suppose V has t.*D-bases e = 
(ci, i £ 1} and g = {gj,j G J). // |/| and \ J\ are finite numbers then \I\ = \ J\. 

Proof. Suppose |/| = m and \J\ = n. Suppose 

(12.1) m<n 

Because e is a **£'-basis any vector gj, j E J has expansion 

bg = ba**e 

Because 5 is a **£'-basis 

(12.2) A = 
should fohow from 

g**X — e»*A**A — 
Because e is a **£'-basis we get 

(12.3) A*A = 
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According to (12.1) rank^. A < m and system (12.3) has more variables then equa- 
tions. According to theorem 10.4 A 7^ 0. This contradicts statement (12.2). There- 
fore, statement m < n is not vahd. 

In the same manner we can prove that the statement n < m is not vaUd. This 
completes the proof of the theorem. □ 

Definition 12.2. We call dimension of vector space the number of vectors 
in a basis □ 

Theorem 12.3. The coordinate matrix of ^* D -basis g relative ^* D -basis e of vector 
space V is ^* -nonsingular matrix. 

Proof. According to theorem 9.6 **L'-rank of the coordinate matrix of basis y 
relative basis e equal to the dimension of vector space. This proves the statement 
of the theorem. □ 

Definition 12.4. We call one-to-one map A : V W **£'-isomorpiiism of 
vector spaces if this map is a **Z?-linear map of vector spaces. □ 

Definition 12.5. **£'-automorphism of vector space V is »*Z?-isomorphism 
A:V ^V. □ 

Theorem 12.6. Suppose that f is a ^*D-basis of vector space V. Then any ^*D- 
automorphism A of vector space V has form 

(12.4) v' = A^*v 

where A is a ^* -nonsingular matrix. 

Proof. (12.4) follows from theorem 7.3. Because A is an isomorphism for each 
vector v' exist one and only one vector v such that v' ~ v^* A. Therefore, system 
of H,*Z)-linear equations (12.4) has a unique solution. According to corollary 10.5 
matrix A is a nonsingular matrix. □ 

Theorem 12.7. Automorphisms of D-vector space form a group GL'^ ^ . 

Proof. If we have two automorphisms A and B then wc can write 

v' = 

v" =^B,*v' ^B,*A,*v 
Therefore, the resulting automorphism has matrix A^,* B. □ 
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BeKTopHoe npocTpancTBO na/i; tgjiom 



^ ^ ' AjieKcaHflp KjieiiH 

o : 

CN ■ 

, Ahhotali,M5I. CHCTeivia jiiiHeHHbix ypaBHeHHH na^ tcjiom HMeeT CBoficTBa, no- 

' I xo:»cHe Ha CBoficTBa CHCTeM jiHHeSHbix ypaBHeHHH na^i, nojieM. Xots neKOMMy- 

I ^ ' TaTHBHOCTB HpoH3Be;],eHHH Hopo:ac/],aeT HOByio KapxHHy, cyuj,ecTByeT Tecnan 

CBH3i> MejK^iy CBOHCTBaMH CHCTeMbi jiHHeHHbix ypaBHeHHH H BeKTopnoro HpO- 

CTpancTBa nafl TejiOM. 

<: 

, COflEP>KAHHE 

(~| ' 1. HpeflCTaBjieHHe yHHsepcajibHoii ajire6pi>i 1 
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\l I 6. **D-6a3HC BCKTopHoro npocTpancTBa 20 

■ 7. **D-jiHHeiiHoe OTo6pa>KeHHe BeKTopubix npocTpancTB 23 

[ 8. CncTeMa **D-jiHHeHPiBix ypaBHenHH 27 

■ 9. Panr MaTpHLi,M 29 

T-H I 10. CHCTCMa **D-jiHHeHHbix ypaBHeHHH 33 
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S: 
> ■ 

I 1. ITPEflCTABJlEHHE yHHBEPCAJTbHOH AJirEBPbl 

^ , Onpe/];ejieHHe 1.1. IlycTb na MHOJKecTBe M onpeflejiena CTpyKiypa f22-ajire6pbi 

- - ' ([1, 7]). Mbi 6y^eM nasbiBaTb 3HflOMop4)H3M r22-ajire6pi>i 

t:M-^ M 

npeo6pa30BaHHe yHHBepcajibHoii ajire6pi>i } □ 
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AjieKcaHflp Kjichh 



Mbi 6yfleM o6o3HaHaTi> 5 TOscflecTBCHHoe npeo6pa30BaHHe. 

Onpe/i;ejieHHe 1.2. npeo6pa30BaHHe naabiBaeTCH jieBOCTopoHHHM npeoGpaso- 
BaHHGM HjiH r*-npeo6pa30BaHHeM, ecjiii oho fleficTByeT cjieBa 

u' = tu 

Mbi 6yfleM o6o3HaHaTb * AI MHOJKecTBO r*-npeo6pa30BaHHii MHOJKecTBa AI . □ 

Onpe/i;ejieHHe 1.3. npeo6pa30BaHHe Ha3biBaeTCH npaeocTopoHHHM npeoGpa- 
30BaHHeM HJIH ★T-npeoGpasoBaHHeM, ecjiH oho fleiicTByeT cnpaBa 

u' = ut 

Mbi 6y;i,eM o6o3HaHaTB A I* MHOJKecTBO ★r-Hpeo6pa30BaHHH MHOJKecTBa AI . □ 

Onpe/i;ejieHHe 1.4. IlycTB na MHO»cecTBe *M OHpeflejiena CTpyKxypa r2i-ajire6pBi 
([1]). IlycTb A HBjiaeTCH fii-ajire6poH. Mbi 6yfleM Ha3BiBaTB roMOMop(J)H3M 

(1.1) f:A^*M 

jieBOCTopoHHHM HJIH r*-npe/i;cTaBJieHHeM r2i-ajire6pbi A b ri2-ajire6pe M 

□ 

Onpe/i;ejieHHe 1.5. IlycTB na MHOscecTBe AI* onpe^ejieHa CTpyKTypa r2i-ajire6pBi 
([1]). IlycTB A HBjiaeTCH fii-ajire6poii. Mbi 6yfleM Ha3BiBaTB roMOMop4)ii3M 

f : A^ AI* 

npaBOCTopoHHHM HJIH *T-npeflCTaBJieHHeM rii-ajire6pBi A b rJ2-ajire6pe 

AI □ 

Mbi pacHpocTpaHHM na TeopHio HpeflCTaBjienHii corjiameHne, OHHcaHHoe b 3a- 
MenaHHH [6J-2.15. Mbi MOJKeM sanncaTB npHHu^nn flBOHCTBCHHOCTH b cjieflyiomeH 
4)opMe 

TeopeMa 1.6 (HpHHn;HH flBOHCTBeHHOCTn) . JIm6oe ymeepcHcdeHue, cnpaeedjiueoe 
dnsi T-k-npedcmaeAeHUJi VLi-aAze6pu A, 6ydem cnpaeedAueo Sasi -kT -npedcmaeAe- 
HUR ^i-aAze6pu A. 

SaMeuanue 1.7. CymecTByeT ^bc 4)opMBi 3aHHCH npeo6pa30BaHHH ri2-ajire6pBi AI . 
EcjiH MBI H0Jib3yeMCH onepaTopHOH 3aHHCBio, to Hpeo6pa30BaHHe A 3aHHCBiBaeTCH 
B BHfle Aa HJIH aA^ ^ito cooTBeTCTsyeT T*-Hpeo6pa30BaHHio hjih *T-npeo6pa30- 
BaHHio. EcjiH MBI HOj[B3yeMCH 4)yHKii,H0HajiBH0fl 3aHHCBio, TO npeo6pa30BaHHe A 
3aHHCBiBaeTCH B BHfle A[a) He3aBHCHMO OT Toro, 3T0 T*-npeo6pa30BaHHe hjih ★T- 
npeo6pa30BaHHe. 3Ta 3anHCb corjiacoBana c HpHHii,HnoM ^BOHCTBenHOCTH. 

3to saMenaHHe aBjiHCTca: ochoboh cjie^yiomero coraanienHH. Kor^a mbi hojib- 
3yeMCH 4)yHKii,HOHaj[BHOH 3anHCbio, mbi ne pa3jiHHaeM r*-Hpeo6pa30BaHHe ii ★T- 
npeo6pa30BaHiie. Mbi 6yfleM o6o3HaHaTB *AI MHoacecTBO npeo6pa30BaHiiH ri2-aji- 
re6pBi M . IlycTB na MHO»cecTBe * AI onpeflejiena CTpyKTypa f2i-ajire6pBi. IlycTB A 
HBjiaeTCH r2i-ajire6pofl:. Mbi 6yfleM Ha3BiBaTB roMOMop4)H3M 

(1.2) f:A^*AI 

npe/i,CTaBJieHHeM fii-ajire6pbi A b fi2-ajire6pe AI . 

CooTBeTCTBHC MCJKfly onepaTopHoii 3anHCBio h 4)yHKD;iiOHajiBHOii 3anHCBio op,- 
HOSHaHHO. Mbi mojkcm BBi6HpaTB jno6yio (JjopMy saniiCH, KOTopaa yflo6Ha ^jih ii3- 

JIOJKeHHH KOHKpeTHOH TCMBI. □ 
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oswdHBLei, HTO Mbi paccMaTpHBacM npeflCTaBjiCHHe fJi-ajireGpti A. OTo6pa»ceHHe 
/(a) HBjiHeTCH o6pa30M a £ A. 

Onpe;i,ejieHHe 1.8. Mbi 6yfl,eM HasbiBaTb npe^CTaBjieHHe Oi-ajire6pbi A 3^(^eK- 
THBHbiM, ecjiH OTo6pa}KeHHe (1.2) - H30Mop4)H3M r2i-ajire6pbi A b *M. □ 

SaMeuame 1.9. Ecjih T*-npeflCTaBjieHHe f2i-ajire6pbi sc^cjaeKTHBHO, mbi mojkcm 
OTO>KflecTBjiaTb ajieMBHT f2i-ajire6pbi c ero oGpasoM h sanHCBiBaTb r*-npeo6pa30- 
BaHne, nopojKfleHHoe sjieMeniOM a £ A, b cJjopMe 

v' = av 

Ecjih ★T-npeflCTaBjieHne f2i-ajire6pBi scJx^eKTHBHO, mbi MOJKeM OTOJKflecTBjiaTB 
sjieMeHT rii-ajire6pBi c ero o6pa30M h 3anHCBiBaTB ★T-npeo6pa30BaHHe, nopojK- 
;i,eHHoe sjieMenTOM a £ A, b (JjopMe 

v' = va 

□ 

Onpe/i;ejieHHe 1.10. Mbi 6yflfiM Ha3BiBaTB npeflCTaBjiCHHe rJi-ajire6pBi TpansH- 
THBHMM. ecjiH fljiH jiio6bix a,b £ V cymecTByeT Taxoe g, hto 

a = /(5)(6) 

Mbi 6yAeM Ha3BiBaTB npeflCTaBjieniie fii-ajireGpBi o/i;HOTpaH3HTHBHbiM, ecjiH oho 

TpaH3HTHBHO II ScJxJjeKTHBHO. □ 

TeopeMa 1.11. T-k-npedcmaeAeHue odHompaHsumueHO mozda u moAbKO moada, 
Kozda dAJi AKi6ux a,b € M cymecmeyem odno u moAbKO odno g £ A maKoe, umo 

/(oKasameAbcmeo. CjieflCTBne onpeflejienHH 1.8 h 1.10. □ 

2. MOPOH3M nPEflCTABJlEHMH yHHBEPCAJIbHOH AJirEBPbl 

TeopeMa 2.1. Uycmb A u B - VLi-aAze6pu. UpedcmaeAeHue fli-aAge6pu B 

g:B^*M 

u zoMOMop(fiu3M VLi-aAze6pu 
(2.1) h:A^B 
onpedeAsimm npedcmaeACHue f ili-aAge6pu A 

f 
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/JoKasameAbcmeo. 0To6pa>KeHHe / HBjiaeTCH roMOMopcjDHSMOM rii-ajire6pbi A b 
f2i-ajire6py *M, TaK KaK OTo6pa>KeHHe g HBjiaeTCH roMOMopcJjHSMOM r2i-ajire6piji 
B B rii-ajire6py *M. □ 

EcjiH Mbi HsyiaeM npeflCTaBjieHne f2i-ajire6pi>i b ri2-ajire6pax M h N, to nac 
HHTepecyiOT OTo6pajKeHHH h3 M b A^, coxpaHHiomHe cipyKiypy npeflCTaBjieHHH. 

Onpe/i;ejieHHe 2.2. HycTB 

f : A^*M 

npeflCTaBjiCHHe r2i-ajire6pbi A b ri2-ajire6pe M h 

g: B 

npeflCTaBjiCHHe f2i-ajire6pbi B b r22-ajire6pe N. Ilapa OToSpajKeHiiii 

(2.2) {r : A-^ B,R: M ^ N) 

TaKHX, HTO 

• r - roMOMop4)H3M rii-ajire6pbi 

• R - roMOMop4)H3M f22-ajire6pi>i 
• 

(2.3) Rof{a)=g{ria))oR 

HasbiBacTca mop4)H3mom npeflCTaBJieHHH h3 / b Mbi TaKsce 6yfleM roBopHTb, 
HTO onpeflejieH Mop4)H3M npe/i;cTaBJieHHH rii-ajire6pbi b ri2-ajire6pe. □ 

P,Jia npoHSBOjiBHOro m G A/ paBCHCTBO (2.3) hmcct bh^i, 

(2.4) R{fia)im)) ^ g{riamR{m)) 

SaMenanue 2.3. Mbi MOJKeM paccMaTpHBaTB napy OTo6pa>KeHHH r, R KaK OTo6pa- 

F : A\JM ^ B\JN 

TaKoe, HTO 

F{A) = B F{M) =^ N 
HosTOMy B ;i,ajibHeflineM mm 6y^eM roBopHTb, hto flano OToGpajKeniie (r, R). □ 

SaMeuanue 2.4. PaccMOTpiiM Mop4)H3M npeflCTaBjiemiii (2.2). Mm MOJKeM o6o3Ha- 
HaTb ajieMeHTbi MHOJKecTBa B, nojiij3yHCi> 6yKB0fl no o6pa3D;y b E B. Ho ecjin mbi 
xoTHM noKa3aTb, HTO b HBjiHeTCH o6pa30M sjieMeHTa a G A, mm 6y^eM nojib30BaTbCH 
o6o3HaHeHHeM r(a). TaKHM o5pa30M, paBencTBO 

r(a) = r{a) 

03HaHaeT, hto r{a) (b jicboii nacTn paBCHCTBa) HBjiaeTca o6pa30M a £ A {b npa- 
Bofi HacTH paseHCTBa) . HojibayHCb noflo6HbiMH cooGpajKenHHMH, mm 6y;i,eM o6o3Ha- 
HaTb sjieMeHT MHOscecTBa TV b bh^c R{m). Mm 6y;i,eM cjieflOBaTb STOMy corjiame- 
HHK), Hsynaa cooTHOineHHa MejKfly roMOMop4)H3MaMH r2i-ajire6p ii OTo6pa}KeHHHMH 
Me>Kfly MHOscecTBaMH, rfle onpeflejienbi cooTBCTCTByiomHe npeflCTaBjienHH. 
Mm MOJKeM HHTepnpeTHpoBaTb (2.4) ^ByMH cnocoSaMH 

• IlycTb npeo6pa30BaHiie /(a) OTo6pa}KaeT m G A/ b /(a) (to). Tor^a npeo6- 
pa30BaHHe g{r{a)) OToSpajKaeT R{m) E N b R{f(a){'m)). 
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• Mbi MOsceM npeflCTaBHTb mop4)H3m npeflCTaBjienHit us f b g, nojibsyHCb 
;i,HarpaMMOH 

R 




Ha (2.3) cjieflyeT, hto flHarpaMMa (1) KOMMyTaTHBHa. 

TeopeMa 2.5. PaccMompuM npedcmaeAeHue 

f ■.A^*M 

fli-aAze6pu A u npedcmaeneHue 

g:B^*N 

U,i-ame6pu B. MopcpusM 

h : A ^ B H : M N 



npedcmaeneHuu U3 f e g ydoeAemeopsiem coomHomeHum 

(2.5) H o uj{f{a^), /(a„)) = u{g{h{a^)), g{h{an))) o H 
Bam npouaeoAtHou n-apnou onepav,uu uj Qi-aA8e6pu. 
/^OKaaameAbcmeo. TaK KaK / - roMOMOpcjDiiSM, mm HMeeM 

(2.6) H o c^(/(ai), /(«„)) = H o f{u{ai, a„)) 
Ha (2.3) H (2.6) cjieflyeT 

(2.7) H o t^(/(ai), /(a„)) = 9{Huj{a^, a„))) o 
TaK KaK h - roMOMopcJsHSM. hs (2.7) cjie/i,yeT 

(2.8) if o c^(/(ai), /(a„)) = .g(w(/i(ai), /i(a„))) o if 
TaK KaK g - roMOMopcjDnsM, h3 (2.8) cjie^yeT (2.5). 

TeopeMa 2.6. Uycmb omo6pacHceHue 

h : A ^ B H : M N 

MBMJiemcM Mopcjju,3MOM U3 upedcmaeAeHUM 

f ■.A^*M 

^i-aAze6pu A e npedcmaeAeHue 

g:B^*N 

fli-aA8e6pu B. Ecau npedcmaeAeHue f acfjcfjcKmueuo, mo omoBpaoKCHue 

*H : *M *N 



□ 



□ 
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onpedeACHHoe paeeHcmeoM 

(2.9) *H{fia)) = gihia)) 
MBMJiemcM goMOMop(f>u3MOM Qi-aAge6pu. 

/^OKaaameAbcmeo. TaK krk npeflCTaBjiemie / seJxJjeKTHBHO, to fljiH Biji6paHHOro 
npeo6pa30BaHHH /(a) BtiSop sjiCMCHTa a onpe^ejieH oflHOsnai^HO. CjieflosaTejibHO, 
npeo6pa30BaHHe g{h[a)) b paBencTBe (2.9) onpeflejieno KoppexTHO. 
TaK KaK / - roMOMop(|)H3M, mbi HMeeM 

(2.10) *i/(c.(/(ai),...,/(a„))) = *i/(/(c.(ai,...,a„))) 
H3 (2.9) H (2.10) cjieflyeT 

(2.11) *H{Lo{f{ai), /(a„))) = g{h{Lo{a^, a„))) 
TaK KaK h - tomomopcJjhsm. h3 (2.11) cjie^yeT 

(2.12) *H{uj{f{ai), /(a„))) - .g(c^(/i(ai), %„))) 

TaK KaK g - rOMOMOp4)H3M, 

*H{uj{f{ai), /(a„))) = ^(.9(/i(ai)), ff(Man))) = cj{*H{f{a^)), *i?(/(a„))) 

cjieflyeT h3 (2.12). Cjie^OBaTejibHO, OToGpaaceHne HBjiaeTCH roMOMop4)H3MOM 
r2i-ajire6pbi. □ 

TeopeMa 2.7. Ecau npedcmaeAenue 

f ■.A^*M 

Vti-aAze6pu A odHompaHaumueHo u npedcmaeAenue 

g:B^*N 

fli-aA8e6pu B odiiompaHaumueHO, mo cyiu,ecmeyem MopcfiuaM 

h : A ^ B H : M ^ N 

npedcmaeAeHuu U3 f eg. 

/^oKaaameAbcmeo. BbiGepeM roMOMop4)H3M h. BH6epeM sjieMCHT m E M m sjie- 
MeHT n Cz N . HtoSm nocTpoHTb OTo6pa}KeHHe H, paccMOTpHM cjieflyromyio flna- 
rpaMMy 

H 




Us KOMMyiaTHBHOCTH ;i,HarpaMMi>i (1) cjie^yeT 

H{am) = h(a)H(m) 

^jiH npoH3BOjibHoro to' g M 0flH03Ha^H0 onpe/i,ejieH a G A TaKoii, hto to' = am. 
Cjie;i,OBaTejibHO, mbi nocTpoHjiH OTo6pajKeHHH H, KOTopoe yflOBjieTBopaeT paBCH- 
CTBy (2.3). □ 
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TeopeMa 2.8. Ecau npedcmaeAeHue 

f ■.A^*M 

fli-aA3e6pu A odHompaHaumueHO u npedcmaeAeHue 

g:B^*N 

fli-aA8e6pu B odiiompaHaumueHO, mo Bam sadauHogo 20MOMop<ji)U3Ma Cli-aA8e6pu 

h -.A 

omo6paotceHue 



H : M' 



N 



maKoe, umo (/i, H) neAsiemcfi MopcpusMOM npedcmaeAenuu U3 f e g, eduHcmeeuHO 
c moHHOcmmo do eu6opa o6pa3a n = H{m) G aadauHozo DAeMenma m S M . 

/(oKasameAbcmeo. Hs ^OKasaTejibCTBa TeopeMbi 2.7 cjie^yeT, hto bm6op roMOMop- 
4)H3Ma h H sjieMeHTOB m € M , n E N o;i,H03HaHHO onpeflejiHCT OToGpajKCHHe 
H. □ 

TeopeMa 2.9. Ecau npedcmaeAenue 

f : A^*M 

fli-aA8e6pu A odHompanaumueHO, mo Bam Am6ozo andoMopcfjuaMa Qi-aAge6pu A 
cymecmeyem andoMopcfjuaM 

p ■■ A ^ A P : M *- M 

npedcmaeACHUsi f . 

/JoKasameAbcmeo. PaccMOTpHM cjie^yiomyio fliiarpaMMy 

H 




yTBepjKfleHHe TeopeMbi HBjiaeTCH cjie^CTBHeM TeopeMbi 2.7. 
TeopeMa 2.10. Uycmh 



□ 



npedcmaeAenue VLi-aAze6pu A, 



npedcmaeAenue VLi-aAze6pu B, 



f : A^*M 



g:B^*N 



h:C^*L 



npedcmaeAenue D,i-aAge6pu C . Uycmb onpedeAenu Mop^u3MU npedcmaeAenuu 
fli-aA8e6pu 

p ■■ A ^ B P:M ^ N 
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q:B- 



■C 



N ■ 



Toada onpedeAen MopcpusM npedcmaeAeHuu Qi-aAge6pu 

r : A ^ C R:M ^ L 

zde r = qp, R = QP. Mu 6ydeM naaueamb MopcpusM (r, R) npedcmaeAeHuu U3 
f 6 h npoHSBG^eHHeM mop4)H3mob {p, P) h (g, Q) npe/i;cTaBJieHHH yHHsep- 
cajibHOH ajire6pBi. 

/(oKasameAbcmeo. Mbi MOsceM npe^CTaBHTb yTBepsKflCHHe TeopcMbi, nojitayHCb 
fluarpaMMOii 

Q 




OToSpajKCHHe r aBjiaeTca roMOMopcJjHSMOM r2i-ajire6piji A b rii-ajire6py C. HaM 
HaflO noKaaaTb, mo napa OTo6pajKeHHH (r, i?) y^OBjieTBopaeT (2.3): 

Rifia)m) = QP{f{a)m) 

= Q{g{p{a))P{m)) 

= h{qp{a))QP{m)) 

= h{r{a))R{m) 

□ 

Onpe/i,ejieHHe 2.11. ^onycTiiM A KaTcropiiH r2i-ajire6p. Mbi onpeflejiiiM Kaie- 
ropHK) T -k A T*-npeflCTaBJieHHH yHHBepcajiBHoii ajire6pBi h3 KaTero- 

pHH A. OGiaeKTaMH 3T0fl: KaTeropHH HBjiaiOTca T*-npeflCTaBjieHHaMH f2i-ajire6pbi. 
Mop4)H3MaMH STOii KaTcropiiH sBjiHiOTCH Mop4)H3MBi T^-npeflCTaBjieHHH f2i-ajire6- 

pBI. □ 

TeopeMa 2.12. SndoMopcpusMU npedcmaeAeHuu f nopomcdamm noAyzpynny. 

/(oKasameAbcmeo. H3 TeopeMbi 2.10 cjie^yeT, ^to npoHSBeflCHne 3HflOMop4)H3MOB 
(p, P), {r, R) npeflCTaBjienHs / aBjiaeTCH 3HflOMop4)H3MOM [pr, PR) npeflCTaBjieHiiH 
./• ' □ 

Onpe/i,ejieHHe 2.13. IlycTB na MHO>KecTBe M onpe/i,ejieHa SKBHBajieHTHOCTB S. 
npeo6pa30BaHHe / Ha3biBaeTCfl: corjiacoBaHHBiM c SKBHBajieHTHOCTBio 5, ecjiii 
H3 ycjiOBHS nil = m2(inodS') cjie^yeT /(mi) = /(m2)(inodS'). □ 
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TeopeMa 2.14. Ilycmb na MHoatcecmee M onpedeAena SKeueaAeHmHocmb S . Ilycmb 
Ha MHOotcecmee *M onpedeAena rii-aAze6pa. Ecau npeo6pa3oeaHusi cosAacoeaHHU 
c DKeueaAeHmHocmbw S, mo mu MOMceM onpedeAumb cmpyKmypy fli-aA8e6pu na 
MHOotcecmee *{M/S). 

/^OKaaameAbcmeo. IlycTb h = nat S. Ecjih mi = m2(niodS'), to h(mi) = h{m2). 
HocKOjibKy / G *Af corjiacoBaHHO c SKBHBajieHTHOCTbio S*, TO /i(/(toi)) = h[f [1712)). 
3to no3BOjiaeT onpeflejiiiTt npeo6pa30BaHHe F corjiacHO npaBiijiy 

FiM) = h{f{m)) 

ITycTb uj - n-apnaa: onepan,iia f2i-ajire6pbi. IlycTb /i, /„ G *M h 

Fi{[m]) = h{h{m)) ... F,,{[m]) = h{U{m)) 

Mbi onpeflejiHM onepaii,iiio na MHOJKecTBe *{M/S) no npaBHjiy 

uj{Fi, ...,Fn)[m] = h{uj{fi, ...,/„)m) 

3to onpeflejieHHC KoppeKTHO, TaK xaK uj{fi, /«) G *M 11 corjiacoBanno c skbh- 

BajieHTHOCTBK) S. □ 

TeopeMa 2.15. Uycmb 

f : *M 

npedcmaeAenue Q.i-aAze6pu A, 

g:B^*N 

npedcmaeAenue U,i-aAze6pu B. Ilycmb 

r : A ^ B R : M ^ N 

M0p(fiu3M npedcmaeAcnuu U3 f eg. Boaookum 

s = rr-^ S = RR-^ 

Tozda Sah omo6pacHceHuu r, R cymecmeymm pasAOCHCCHUJi, Komopue momcho onu- 
camb duazpaMMOu 



M/S ^ RM 
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(1) s = ker r sieAMemcM Kompyawnueu na A. Cymecmeyem pasjioofceHue zo- 

M0M0p(fiu3Ma r 

(2.13) r = itj 

j = nat s - ecmecmeeHHUu aoMOMopcfjusM 

(2.14) j{a)=j{a) 

t - U30M0p(fju3M 

(2.15) r{a)=t{jia)) 
i - BAOCHceHue 

(2.16) r(a) = i{r{a)) 

(2) S ~ kcr R MBMJiemcM sKeueaAeHmHocmbw na M . Cyiu,ecmeyem pasAootce- 
Hue omo6paotceHUJi R 

(2.17) R = ITJ 

J = nat S - cwpseKViUH 

(2.18) J{m) = J(m) 
T - 6ueK'nuji 

(2.19) R{m) = T{J{m)) 

I - BAOMCeHUe 

(2.20) R{m) = /(i?(m)) 

(3) F - T-k-npedcmaeAeHue fli-aA8e6pu A/s e M/S 

(4) G - Ti^-npedcmaeACHue fli-aA8e6pu rA e RM 

(5) (j, J) - Mop(fju3M npedcmaeAeHuu f u F 

(6) (t, T) - Mop(pu3M npedcmaeAeHuu F u G 

(7) (t~^,T~^) - Mop(fiu3M npedcmaeAeHuu G u F 

(8) (i,/) - Mopcjju3M npedcmaeAeHuu G u g 

(9) Cymecmeyem pasAootceHue MopcfiusMa npedcmaeAeHuu 

(2.21) (r,i?) = (*,/)(t,r)(j,J) 

/l^OKasamcAbcmeo. CymecTBOBaHiie ^iiarpaMM (1) h (2) cjie^yeT h3 TeopeMbi II. 3. 7 
([7], c. 74). 

Mbi wemieM c ^HarpaMMbi (4). 

IlycTb mi = m2(niod 5*). CjieflOBaTejibHO, 

(2.22) R{mi)^R{m2) 
EcjiH oi = 02 (mods), to 

(2.23) r{ai)=r{a2) 

CjieflOBaTCjibHO, j{ai) = j(a2). TaK KaK {r,R) - mop4)H3m npeflCTaBjieHHii, to 

(2.24) i?(/(ai)(mi)) = 5(r(ai))(i?(mi)) 

(2.25) i?(/(a2)(m2)) = 5(r(a2))(i?(m2)) 
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H3 (2.22), (2.23), (2.24), (2.25) cjieflycT 

(2.26) i?(/(ai)(mi)) = i?(/(a2)(m2)) 
Ha (2.26) cjieflycT 

(2.27) /(ai)(mi) = /(a2)(m2)(mod5) 

H, CJieflOBETejIbHO, 

(2.28) J(/(ai)(mi)) = J(/(a2)(m2)) 
Ha (2.28) cjieflyeT, hto OTo6pa>KeHHe 

(2.29) ^^(j(a))(J(™)) = Jif{a)im))) 

onpeflejieHO KoppeKTHO h aBjiHCTCH npeo6pa30BaHHeM MHOJKecTBa Af/ S*. 

Hs paBencTBa (2.27) (b cjiynae ai = 02) cjie^yeT, hto ^jih jiioGoro a npeo6- 
pasoBaHHe corjiacoBanHO c SKBiiBajieHTHOCTbio S. Hs TeopeMbi 2.14 cjie;i,yeT, hto 
Ha MHOJKecTBe *{M/S) onpeflejiena CTpyxTypa fii-ajire6pbi. PaccMOTpHM n-apnyio 
onepaii,Hio u) n n npeoGpasoBaHiiii 

F(j(a.))(J(m)) = J(/(a,)(m))) z = l,...,n 

npocTpancTBa M/S. Mbi nojiojKiiM 

a;(F(j(ai)), i^(j(an)))(^M) = ^(^(/(ai), /K)))M) 
CjieflOBaTejiBHO, OTo6pa}KeHHe -F HBjiaeTCH npe^CTaBjieniieM fii-ajire6pBi A/s. 

H3 (2.29) cjieflyeT, hto (j, J) HBjiaeTCH MopcjsHSMOM npe;i,CTaBjieHiiH f vl F (yTBep- 
jKflCHHe (5) TeopeMbi). 

PaccMOTpHM fliiarpaMMy (5). 

TaK KaK T - 6HeKIi;HH, to mbi MOJKeM OTOJKfleCTBHTB SJieMeHTBI MHOJKeCTBa M/ S 

H MHOJKecTBa MR, npHHCM 3T0 OTOJKflecTBjieHHe HMeeT bh/i, 

(2.30) T{J{m)) = R{m) 

Mbi MO>KeM aaniicaTB npeo6pa30BaHHe F{j{a)) MHOscecTBa M/S b BH^e 

(2.31) F{j{a)) : J(m) -> F{j{a)){J{m)) 

TaK KaK r - 6HeKii,HH, to mbi MOJKeM onpeflejiHTB npeoGpaaoBaHne 

(2.32) T{J{m))^T{Fij{amj{m))) 

MHOJKecTBa RM. HpeoGpasoBaHHe (2.32) saBiiciiT ot j{a) g A/s. TaK KaK t - 611- 

eKII,Ha, TO MBI MOJKBM 0T0}K;i,eCTBHTB SJieMeHTBI MHOJKeCTBa A/s H MHOJKeCTBa rA, 
npHHCM 3TO OTOJKfleCTBJieHHe HMeeT BHfl 

(2.33) t{j{a)) = r{a) 
CjieflOBaTejiBHO, mbi onpeflejinjiH OToGpajKeHne 

G -.rA^ *RM 

corjiacHO paBencTBy 

(2.34) G{t{j{amT{J{m))) = r(F(j(a))( J(m))) 
PaccMOTpiiM n-apnyio onepaii;Hio uj n n npeoGpasoBaHHii 

G(r(a,))(i?(m)) = T(i^(j(aO)( J(m))) t = 1, n 
npocTpaiiCTBa RM . Mbi nojiojKHM 

(2.35) w(G(r(ai)), G(r(a„)))(i?(TO)) = T(c^(i^(j-(ai), F(j-(a„)))( J(m))) 
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CorjiacHO (2.34) onepaii,HH uj KoppcKTHO onpeflejiena na MHOiKecTBe * RM. Cjiepfl- 
BaTejiBHO, OTo6pa>KeHHe G asjiaeTCsi npe/iCTaBjieniieM r2i-ajire6piji. 

Hs (2.34) cjieflyeT, hto {t,T) HBjiHeTca MopcjDiiSMOM npeflCTaBjiCHHii F ii G 
(yTBepjKfleHHe (6) TeopeMBi). 

TaK KaK T - 6HeKn,Ha, to h3 paBencTBa (2.30) cjie^yeT 



MHOJKecTBa M/S. IIpeoGpasoBaHHe (2.38) saBHCiiT ot r(a) G rA. TaK KaK t - 6HeK- 
Li,iiH, TO H3 paBCHCTBa (2.33) cjieflyeT 



TaK KaK no nocTpoenHio flHarpaMMa (5) KOMMyTaTHBna, to npeo6pa30BaHHe (2.38) 
coBnaflaeT c npeoGpasosaHHeM (2.31). PaBencTBO (2.35) mo>kho sanHcaTb b BH^e 



(2.40) T-\oj{G{r{ai)), G(r(a„)))(i?(m))) = u;{F{jia,), F(j(a„)))( J(m)) 



Cjie^OBaTejibHO, {t~^,T~^) aBjiaeTCH mop4)H3mom npeflCTaBjieHHft G ta F (yxBep- 
jK/i;eHHe (7) TeopeMbi). 

^HarpaMMa (6) HBjiaeTCH caMBiM npocTBiM cjiynaeM b naineM ^OKaaaTejibCTBe. 
HocKOjiBKy OTo6pa}KeHHe / HBjiaeTCH BjioscenHeM h flnarpaMMa (2) KOMMyTaTUBna, 
MBi MOJKeM OTO>K^ecTBiiTB 71 Cz N 11 R(m) , ecjiii n G ImR. AnajiornHHO, mbi mojkcm 
OToacflecTBHTb cooTBeTCTByromHe npeo6pa30BaHHa. 



CjieflOBaTejiBHO, (i, /) HBjiaeTCH mgp(|)H3mom npe^CTaBjienHtt G vl g (yTBep>KfleHHe 
(8) TeopeMBi). 

^jiH /];0Ka3aTejibCTBa yTBepjKflenHa (9) TeopcMBi ocTajiocB noKa3aTB, ^^to onpe- 
jienemioe b npoi^ecce flOKa3aTejiBCTBa npe;i,CTaBjieHHe g' coBnaflacT c npeflCTaB- 
jieHHCM g, a onepau;HH na/i, npeo6pa30BaHiiaMH coBnaflaroT c cooTBeTCTByromHMH 
onepan,HHMH *N. 




(2.38) T-\R{m)) ^ T-\G{r{a)){R{m))) 



(2.39) 



j{a)=t-\ria)) 



(2.41) 



g'(i(r(a)))(/(i?(m))) = IiGiria)){Rim))) 
c.(g'(r(ai)),...,g'(r(a„)))(i?(m))=/(c^(G(r(ai),...,G(r(a„)))(i?(m))) 



g'iz{r{a))){I{R{m))) = I{G{riamR{m))) 

= /(G(t(j(a)))(T(J(m)))) 
= /T(F(j-(«))(^M)) 



corjiacHO (2.41) 
corjiacHO (2.15), (2.19) 



corjiacHO (2.34) 
corjiacHO (2.29) 
corjiacHO (2.17) 
corjiacHO (2.3) 



= ITJif{a){m)) 
= i?(./(a)(m)) 
= g{r{a)){R{m)) 
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a;(G(r(ai)), G{r{a^mR{m)) - T{uj{F{j{a,), F (j {a„mJ (m))) 

==T(F(w(j(ai),...,jK)))(J(™))) 
= T(F(j(c^(ai,...,a„)))(J(m))) 
= T(J(/(c^(ai,...,a„))(m))) 



□ 



Onpe/i,ejieHHe 2.16. IlycTi, 



npeflCTaBjieHHe 57i-ajire6pi>i A, 

g:B 

npeflCTRBjieHHe r2i-ajire6pi>i B. IlycTb 
r : A ^ B 



*M 

*N 

R:M- 



N 



Mop4)H3M npeflCTaBjieHHH VL3 r B R TaKOH, HTO / - H30Mop4)H3M r2i-ajire6pbi H g 
- H30Mop4)H3M ri2-ajire6pi>i. Tor^a OTo6pa»ceHHe (r, R) Ha3biBaeTca H30Mop4)H3- 
MOM npeflCTaBJieHHH. □ 

TeopeMa 2.17. B paaAOMcenuu (2.21) omo6paofceHue {t,T) sienfiemcsi uaoMop- 
(pu3M0M npedcmaeAeHuu F u G. 

floKaaameA'bcmeo. CjieflCTBHe onpeflejieHHH 2.16 h yTBep>KfleHHH (6) h (7) TeopeMbi 
2.15. □ 

H3 TeopeMbi 2.15 cjie^yeT, hto mm MOJKeM CBecTH 3aflaHy H3yHeHHa Mop4)H3Ma 
npeflCTaBjieHHH f2i-ajire6pbi k cjiyi^aio, oniicbiBaeMOMy /iiiarpaMMOH 



(2.42) 
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TeopeMa 2.18. fluazpaMJvia (2.42) MODfcem 6umb donoAHena npedcmaejienueM Fi 
VLi-aA2e6pu A e MHomcecmee M/S maK, nmo duazpaMMa 



(2.43) 




M/S 



FUia)) 



M/S 



KOMMymamuBHa. Upu dtuom MHOstcecmeo npeoSpaaoeanuu npedcmaeneHUSi F u 
MHOotcecmeo npeoBpaaoeaHuu npedcmaeACHUJi Fi coenadamm. 

/JoKasameMbcmeo. fl^Jia ;i,OKa3aTejibCTBa TeopeMbi ;];ocTaTOT^HO nojiojKHTb 

F,{a) = F{j{a)) 

TaK KaK OTo6pajKeHHe j - ciopbeKi^HH, to Imi^i = liaF. TaK Kax j m F - roMOMop- 
4)ii3MM ili-ajire6pi>i, to Fi - TaKJKC roMOMop4)ii3M fii-ajire6pi>i. □ 

TeopeMa 2.18 saBepmaeT li;hkji TeopeM, nocBamenHbix CTpyKType MopcjDHSMa 
npeflCTaejieHHii r2i-ajire6pbi. Hs sthx TeopeM cjie^yeT, h.io mbi MOJKeM ynpocTiiTb 
safla^y Hsy^eHHa: MopcjDHSMa npeflCTaBjieHiiii ili-ajire6pbi ii orpaHH^iiTbca Mop- 
(J)H3M0M npeflCTaBjieHHH BH^a 



id: A- 



■A 



N 



R: M - 

B 3T0M cjiynae mbi mojkbm 0T0}K;i,ecTBHTB mop4)H3m {id, R) npeflCTaBjieHHii f2i- 
ajire6pbi ii OToGpajKenne R. Mb: 6y^eM nojib30BaTBca: ;],HarpaMMOH 




9(a) 



fljiH npeflCTaBjieHHH Mop4)H3Ma (id, R) npeflCTaBjienHii 51i-ajire6pBi. Ms /iiiarpaMMbi 
cjieflyeT 

(2.44) Ro f{a) ^ g{a)o R 

Mb: flaflHM cjie^yiomee onpeflejienHe no anajiornH c onpe^ejienneM 2.11. 

Onpe/i;ejieHHe 2.19. Mbi onpe^ejiuM KaTeropHK) T A r*-npe/i;cTaBJieHHH 
17i-ajire6pBi A. OSteKTaMii STOii KaTeropjiii sbjihiotch T*-npe/i,CTaBjieHHaMH fli- 
ajire6pBi A. Mop4)ii3MaMii STOii KaTcropHH sbjihiotch Mop(i)H3MBi (id, R) r*-npefl- 
CTaBjieHHH f2i-ajire6pBi A. □ 
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3. AbTOMOPDHSM nPEflCTABJlEHHH YHUBEPCAJIbHOfi AJirEBPbl 

Onpe/i,ejieHHe 3.1. IlycTE. 

f : A^*M 

npeflCTEBjieHHe f2i-ajire6pi>i A b f22-ajire6pe M. Mop4)H3M npeflCTaBjieHiiii fii-aji- 
re6pM 

{r : A,R: M ^ M) 
TaKoii, HTO r - SHflOMopcjDHSM f2i-ajire6pi>i ii R - 3HflOMop4)H3M rJ2-ajire6pbi hesbi- 

BaeTCH 3HflOMOp4)H3MOM npeflCTaBJieHHH /. □ 

Onpe/i;ejieHHe 3.2. IlycTB 

f:A^*M 

npeflCTaBjieHHe r2i-ajire6pBi A b r22-ajire6pe M . Mop4)H3M npeflCTaBjieHiiii fii-aji- 
re6pbi 

{r : A^ A,R: M M) 
TaKOH, HTO r - aBTOMop4)H3M fJi-ajireGpBi Hi? - aBTOMop4)H3M f22-ajire6pbi Ha3bi- 

BaeTCH aBTOMOpc|>H3MOM npeflCTaBJieHHH /. □ 

TeopeMa 3.3. nycmt, 

f : A^*M 

npedcmaeAenue Cli-aA8e6pu A e ^l2-aJize6pe M. MHOofcecmeo aemoMop^usMoe 
npedcmaeAeHUR f nopomcdaem Jiyny 2t(/) 

floKaaameA'bcmeo. IlycTb {r,R), {p,P) - aBTOMop4)H3Mbi npeflCTaBjiCHHH /. Co- 
rjiacHO onpeflejieHiiK) 3.2 OTo6pajKeHHH r, p hbjihiotch aBTOMop4)H3MaMH f2i-aji- 
reSpbi A H OToGpajKeHHH R, P hbjihiotch aBTOMopcjDiOMaMii ri2-ajire6pbi M . Co- 
rjiacHO TeopeMe II. 3. 2 ([7], c. 60) OToSpajKCHHe rp asjiiieTca aBTOMop4)H3MOM f2i- 
ajire6pbi A h OToSpasKeHHe RP HBjiHeTCH aBTOMopcjDHSMOM f22-ajire6pbi M. Ms Teo- 
peMbi 2.10 H onpeflejieHHH 3.2 cjieflyeT, hto npoii3BefleHHe aBTOMop4)ii3MOB [rp, RP) 
npeflCTaBjiCHHa / HBjiaeTCH aBTOMop4)H3MOM npeflCTaBjieHHH /. 

IlycTb (r, R) - aBTOMop4)H3M npeflCTaBjieHHH /. CorjiacHO onpeflejienHio 3.2 
OTo6pa>KeHHe r HBjiaeTCH aBTOMop4)H3MOM f2i-ajire6pbi A h OTo6pa}KeHHe R hbjih- 
eTCH aBTOMop43H3MOM r22-ajire6pbi M . CjieflOBaTejibHO, OToGpajKeniie HBjiaeT- 

CSL aBTOMOp4)II3MOM r2l-ajire6pbl A H 0T06pajKeHHe R~^ HBJIHeTCH aBTOMOp4)H3MOM 

f22-ajire6pbi M. ^jih aBTOMopcjjiOMa {r,R) cnpaBe/i,jiHBO paBencTBO (2.4). IIojio- 
>KHM a' = r{a). m' ~ R(m). TaK KaK r n R - aBTOMop4)H3Mbi. to a = ?'^^(a'), 
m ~ R^^{ni') H paBencTBO (2.4) mojkho 3anHcaTb b BH/i,e 

(3.1) R{f{r-\a'))[R-\m')))=g{a'){m') 

aa TaK kek OTo6pajKeHHe R HBjiHeTCH aBTOMop(J)H3MOM i72-aJire6pbi Af , to h3 pa- 
BCHCTBa (3.1) cjieflyeT 

(3.2) f{r-\a')){R-\m')) = R~\g{a'){m')) 

PaBencTBO (3.2) cooTBeTCTByeT pasencTBy (2.4) ^jih OToSpajKeHHH (r~^,R~^). Cjie- 
flOBETejibHO, OTo6pa5KeHHe {r~^,R~^) HBjiaeTCH aBTOMop4)ii3MOM npeflCTaBjieHHH 
/• □ 



OnpeflejieHHe jiynBi npHBeflenHO b [3], c. 24, [2], c. 39. 
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SaMeuanue 3.4. OneBiiflHO, hto mhoskcctbo aBTOMop4)H3MOB rii-ajire6pbi A TaKJKC 
nopojKflaeT Jiyny. KoneHHO, saManniBO npeflnojiojKHTb, hto MHOJKecTBO asTOMop- 
4)H3MOB nopojKflaeT rpynny. TaK KaK npoiiSBCfleHHe aBTOMop4)H3MOB / h 5 hbjih- 
eTCH aBTOMop4)H3MOM fg, TO onpeflCJieHbi aBTOMop(J)H3Miji {fg)h h f{gh). Ho h3 
SToro yTBepjKfleHHH ne cjieflyei, hto 

U9)h = figh) 

□ 

4. BeKTOPHOE nPOCTPAHCTBO 

HtoGbi onpe/i,ejiHTij T^-npe/iCTaBjieHHe 

/ : i? ^ *M 

KOjibLi;a i? Ha MHOxecTBe M mbi flOjcKHbi onpe;];ejiHTb CTpyKTypy KOjibLi,a na mho- 
scecTBe ^Af.'^ 

TeopeMa 4.1. T-k-npedcmaeACHue f KOAbu,a R i-ia MHOotcecmee M onpedeACHHO 
mozda u moAtKO mozda, Kozda onpedeAenu T-k-npedcmaeAenuM MyAtmunAUKamue- 
Hou u addumuBHOu zpynn KOAti^a R u smu T*-npedcmaeAeHUM ydoeAemeopjnom 
coomHomeHum 

f{a{b + c))= ,f{a)f{b) + f{a)fic) 

JJ^oKaaameAbcmeo. TeopeMa cjie^yeT h3 onpeflejieHHH 1.4. □ 

Onpe/i;ejieHHe 4.2. AI - R^-mopyni, na^ KOjibn,OM R, ecjin AI - a6ejieBa rpynna 
H onpeflejieno T*-npeflCTaBjieHHe KOjibn,a R. □ 

CorjiacHO HamuM o6o3HaT^eHiiHM i?*-Mo;i,yjib - sto jieBMii MOflyjiB ii *_R-mo- 
flyjib - 3T0 npaBbifi mopyjtt,. 

Ilojie HBjiaeTCH nacTHbiM cjiy^aeM KOjibLi,a. HosTOMy BeKTopnoe npocipancTBO 
Hafl nojieM HMeeT Gojibine cbohctb neM MO^yjib na/i, kojibi^om. O^eHb Tpy^HO, ec- 
jiH BOoGme B03M0JKH0, pacnpocTpaHHTB onpeflejieHiiH, paGoTaiomiie b BeKTopnoM 
npocTpancTBe, na MOflyjit nafl npoHSBOjibtibiM KOjibLi,OM. Onpe^ejieHHe 6a3Hca h 
pasMepHOCTH BeKTopHoro npocTpancTBa TecHO CBasanbi c B03M0}KHOCTbio naiiTH 

■^Mo^KHO jiH onpe.z],ejiHTi> onepaLi,Hio cjio>KeHii5i Ha MHO>KecTBe *A/, ecjiH 3Ta onepaLi,n5i ne onpe- 
flejiena na MHOjKecTBe M . OxBeT na stot Bonpoc nojiojKHTejibHbiii. 

flonycTHM M = B U C n F : B C - BsaHMHO OflHOsnaHHoe OToSpaaceHHe. Mbi onpeflejiHM 
MHOjKecTBO * M T*-npeo6pa30BaHH3 MHO^KecTBa AI corjiacHO cjie^iOLu,eMy npaBHjiy. HycTB V C 
B. T*-OTo6pa>KeHHe Fy nMeex bh^ 

X X e B\V 

Fx X 
X x£ C\F{V) 

F-^x X G F{V) 
Mbi onpeflejiHM cjio^KCHHe T*-npeo6pa30BaHiiH no npaBHjiy 

Fv + Fw = FvAW 

V AW = ivuw)\{vnw) 

OMeBHflHO, MTO 

F@ + Fv = Fv 

Fy + Fy = Fij 

CjieflOBaTejiBHO, OTo6pa>KeHHe F(j aBjiaeTCH nyjieM OTHOCHTejiBHO cjiojKeHHH, a MHOjKecTBO *M 
jiBjiHeTCsi a6ejieBoii rpynnoft. 
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pemeHHe jiHHeiiHoro ypaBHCHUH b KOjibu,e. CBOfiCTea jinHeftHoro ypaBHenHH b TCjie 
6jiH3KH K CBOfiCTBaM jiHHeHHoro ypaBHeHHH B nojie. IlosTOMy MBi Ha;i,eeMCH hto 
CBOiicTBa BCKTopHoro npocTpancTBa na^ lejiOM 6jih3kii k CBOiiCTBaM BeKTopnoro 
npocTpancTBa na/i, nojiCM. 

TeopeMa 4.3. T-k-npedcmaeAeHue meAa D acJxJjeKTHBHO, ecAU 3cfjcfjeKmu6H0 T-k- 
npedcmaeAenue MyAbmuriAUKamueHou gpynnu mcAa D. 

/^OKaaameAbcmeo. IlycTb 

(4.1) f-.D^^M 

T*-npeflCTaBjieHHe Tejia D. Ecjiii sjieMCHTbi a, b MyjiBTHnjiHKaTHBHoii rpynnti no- 
pojKflaiOT Ofsfio H TO T*-npeo6pa30BaHHe, to 

(4.2) ,f{a)m = f{b)m 

fljiH jiio6oro m g M. BbinojiHHs npeoGpaaoBaHHC f{a~^) nafl oGchmh nacTHMH 
paBCHCTBa (4.2), mbi nojiyniiM 

771 = f{a-^){f{b)m) = f{a-^b)m 

□ 

CorjiacHO aaMenanHio 1.9, ecjiH npeflCTaBjiCHHe Tejia scJx^eKTHBHO, mbi otojk- 
^ecTBjiHCM sjieMeHT Tejia h cooTBeTCTByiomee eMy T*-npeo6pa30BaHHe. 

Onpe/i;ejieHHe 4.4. V - Z^T^-BeKTopHoe npocTpancTBO nafl tbjiom D, ecjiH V - 
a6ejieBa rpynna ii onpe^ejieHO scJxJjeKTHBHoe r*-npeflCTaBjieHHe Tejia D. □ 

TeopeMa 4.5. SAeMenmu D-k-eeKmopnogo npocmpaHcmea V ydoeAemeopsimm co- 
omHomeHusiM 

• SaKOHy aCCOIJ,HaTHBHOCTH 



(4.3) {ab)m = a{brn) 

• SaKOHy /I,HCTpH6yTHBHOCTH 

(4.4) aim. + ri)= am + an 

(4.5) (a + b)m = am + brn 

• aaKOHy yHHTapnocTH 

(4.6) Im = m 



Bar ak>6ux a,b £ D, m,n E V . Mu 6ydeM Hasueamb T-k-npedcmaeAenue D-k- 
npoH3Be;:(eHHeM BeKTopa Ha CKajinp. 

/JoKasameAbcmeo. PaBencTBO (4.4) cjie^yeT h3 yTBepjKfleHHs, ^^to T*-npeo6pa- 
30BaHHe a HBjiHeTCH aBTOMop4)H3MOM aSejieBofl: rpynnti. PaBCHCTBO (4.5) cjiefly- 
eT H3 yTBepjKfleHHH, hto T*-npeflCTaBjieHHe HBjiaeTCH roMOMopcJjiiSMOM aflfliiTiiB- 
Hoft rpynnbi Tejia D. PaBCHCTBa (4.3) h (4.6) cjie^yiOT h3 yTBepjKfleHiiH, hto T*- 
npeflCTaBjieHHe HBjiaeTCH KOBapnaHTHbiM T*-npeflCTaBjieHHeM MyjibTiinjiHKaTiiB- 
HOH rpynnbi Tejia D. □ 

CorjiacHO nanniM o6o3naHeHHaM D^-BeKTopnoe npocTpancTBO - sto jieBoe BeK- 
TopHoe npocTpancTBO ii *Z)-BeKTopHoe npocTpancTBO - sto npaBoe BeKTop- 
Hoe npocTpaHCTBO. 
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Onpe/i;ejieHHe 4.6. IlycTb V - D*-BeKTopHoe npocTpancTBO na/i, tcjiom D. Mho- 
>KecTBO BCKTopoB - no/i;npocTpaHCTBO Z)*-BeKTopHoro npocTpaHCTBa V, 

ecjiH 

a + 6 e Iv 
ka eN 
a,b£lV k e D 

□ 

IIpHMep 4.7. OnpeflejiHM na MHO>KecTBe D™ m x n MaTpnii; nafl tcjiom D onepa- 
Li,Hio cjio>KeHHa 

H yMHO>KeHHfl Ha CKajiap 

da^d(^ai)^[dai) 

= Tor^a H TOJitKO Tor^a, Korfla = fljia jiio6bix i, j. HenocpeflCTBeHHaa 
npoBepKa noKasbiBaeT, hto HBjiHeTca Z^^-BeKTopHbiM npocTpancTBOM, ecjiH 
npoHSBefleHHe fleflcTByeT cjieBa. B hpothbhom cjiy^iae - *D-BeKTopHoe npo- 
CTpancTBO. Mb: 6yfieM nasBiBaTb BCKTopnoe npocTpancTBO Z?™ D^-BeKTopHMM 
npocTpaHCTBOM MaTpHii;. □ 

5. ThH BEKTOPHOrO nPOCTPAHCTBA 

HpoHSBefleHHe BCKTopa na CKajiap acHMMeTpHHHO. laK KaK nponsBefleHHe onpe- 
flejiCHO fljia o6'beKTOB pasHbix MHOJKecTB. OflnaKO pasjiHHHC meyKpy D-k- h *D 
-seKTopHbiM npocTpancTBOM noHBjiaeTCH tojibko Torfla, Korfla mbi nepexoflHM k 
KOopflHHaTHOMy npeflCTaBjieHHK). FoBopa, BeKTopnoe npocTpancTBO sBjiaeTca D-k 
- HjiH *D-, MBI yKasBiBacM, c KaKoii CTopoHBi, cjieBa hjih cnpaBa, mbi yMHOJKacM 
KOopflHiiaTBi BCKTopa Ha sjieMeHTBi Tejia. 

Onpe/i,ejieHHe 5.1. ^onycTHM u, v - bcktopbi D*-BeKTopHoro npocTpancTBa V. 
Mbi 6yfleM roBopHTB, hto BeKTop w HBjiaeTca D*-jiHHeHHOH KOM6HHaii;HeH bgk- 

TopoB u n V, ecjiH mbi MOJKeM sanHcaTB w = au + bv, r^e a h 6 - CKajiapBi. □ 

Mbi MOiKCM pacnpocTpaniiTB noHHTiie jiHHeiiHoii K0M6iiHaii,nH na jiio6oe kohch- 
Hoe ceMeitcTBO bsktopob. IIojiBsyacB o6o6iii;eHHBiM HHfleKCOM jijisi HyMepau^iiH bbk- 
TopoB, MBI MO>KeM HpeflCTaBHTB ceMeftcTBO BeKTopoB B Biifle oflHOMepnoii MaipimBi. 
Mbi nojiBsyeMCH corjianieniieM, hto b saflanHOM BeKTopnoM npocTpancTBe mbi npe/i,- 
CTaBjiHCM jiio6oe ccMeiicTBO BeKTopoB jih6o b bh^b *-ctpokh, jih6o *-ctpokh. 3to 
npeflCTaBjiCHHe onpeflejiaeT xapaKTep sanncii jiHHeiiHoii K0M6iiHaii,HH. PaccMaTpn- 
Baa 3T0 npeflCTaBjiCHHe b D-k- hjih ★L'-BeKTopnoM npocTpaiiCTBe, mbi nojiyiaeM 
HCTBipe pasHBix MOflCJiH BeKTopHoro npocTpancTBa. 

Hto6bi HMeTB B03M0JKH0CTB, He MCHaa saHHCH yKa3aTB, aBjiaeTca BCKTopHoe 
npocTpancTBO D-k- hjih ★D-bcktophbim npocTpancTBOM, mbi bbo^hm hoboc oSosna- 
Henne. Chmboji D-k nasBiBaeTca thdom BeKTopnoro npocTpancTBa h oananaeT, 
HTO MBI HsynaeM _D*-BeKTopHoe npocTpancTBO nap^ tcjiom D. Onepai^na yMHOJKC- 
HHa B THHe BCKTopHoro HpocTpaHCTBa yKasBiBacT na MaTpHHHyio OHepaii,Hio, hc- 
HOj[B3yeMyio b jtHHeiiHoii KOM6HHan,HH. 
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IIpHMep 5.2. IIpeflCTaBHM MHOJKecTBO BeKTopoB 'a, i G /, D**-BeKTopHoro 

npOCTpaHCTBa V B BH^e *-CTpOKH 

/ la 

a = 

V "a 

H MHOJKeCTBO CKajIHpOB C;, i G /, B BH;i,e *-CTpOKH 

C : 



( Cl ... C„ ^ 

Tor^a Mbi MOJKeM aanncaTb jiiiHefiHyio KOM6HHaii,Hio BexTopoB 'a b bh^b 

i — * — 

Mbi nojibsycMCH aaniiCBio _D^»y, Korfla mbi xothm CKasaTb, hto V - £)**-BeKTopHoe 
npocTpancTBO. □ 

IIpHMep 5.3. ITpeflCTaBHM MHOJKecTBO BeKTopoB ia, i ^ I, D*,-BeKTopHoro 
npocTpaHCTsa V b bh^c *-ctpokh 



y la ... „a 

H MHOJKeCTBO CKajIHpOB c'. i G /. B BH;i,e *-CTpOKH 

\ c" 

Tor^a MBI MoaceM sanncaTb jiHHeiiHyio KOM6HHaii,Hio BCKTopoB b bh^b 

Mbi nojiBsyeMCH saniictio d'._,V, Kor^a mbi xothm CKasaTb, hto V - Z?**-BeKTopHoe 
npocTpancTBO. □ 

IIpHMep 5.4. ITpeflCTaBHM MHOJKecTBO BCKTopoB (1^, i € I, **D-BeKTopHoro 

npOCTpaHCTBa V B BHfle *-CTpOKH 

a 

a 

H MHOJKeCTBO CKajIHpOB iC, i G /, B BH;i,e *-CTpOKH 

c= ic ... „c j 

Torfla MBI MO>KeM sanncaTB jiiiHeiiHyio KOM6HHaD;Hio BCKTopoB a' b Bii^e 

7f iC = a*,c 

Mbi nojiBsyeMCH saniiCBio V'_^d, Korfla mbi xothm CKasaTB, ^to V - **D-BeKTopHoe 
npocTpancTBO. □ 
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IIpHMep 5.5. HpeflCTaBiiM MHOJKecTBO BeKTopoB Ai, i g /. **D-BeKTopHoro 
npocTpaHCTBa V b Bii^e »-CTpoKH 

a = ( ai ••• an ) 

H MHOJKeCTBO CKajIHpOB iC, 1 E I, B BH;i,e *-CTpOKH 

c = 

\ "c 

Tor;];a mbi MO>KeM sanHcaTb jiHHeiiHyio KOM6HHaD;Hio BCKTopoB b BUfle 

Qi *c = a**c 

Mbi nojibsycMCH aanncbio V ^*d, Korfla mbi xothm CKaaaTb, ^to V - **Z?-BeKTopHoe 
npocTpancTBO. □ 

SaMeuanue 5.6. Mbi pacnpocTpaHHM na BeKTopnoe npocTpancTBO h ero ran co- 
rjiaineHHe, onncaHHoe b aaMeianHii [6]-2.15. HanpHMep, b BbipajKenHH 

Mbi BbinojiHHeM onepai^HK) yMHOJKenHa cjieBa nanpaBO. 3to cooTBeTCTByeT 
BeKTopHOMy npocTpancTBy. OflnaKO mbi MoaceM BbinojiHHTb onepaLi,Hio yMHOJKeHHH 
cnpasa najiCBO. B TpaflHD;HOHHOii sanHCii 3to BbipasceHHe npHMeT bh^ 

\v\B\A 

H 6y;i,eT cooTBCTCTBOBaTb £'**-BeKTopHOMy npocTpancTBy. AnajiorH^HO, ^Hiaa bbi- 
pajKCHHe CHH3y BBcpx mbi nojiy^iiM BBipajKenne 

cooTBeTCTByiomero **_D-BeKTopHOMy npocTpancTBy. □ 

6. ,*£'-BA3HC BEKTOPHOrO nPOCTPAHCTBA 

Onpe/i;ejieHHe 6.1. BeKTopBi Ai, i G /, **-D-BeKTopHoro npocTpancTBa V 
jiHHeHHO HesaBHCHMM, ecjiH c = cjieflyeT h3 ypaBnenHH 

X*c = 

B nporaBHOM cjiynae, BeKTopbi Ai **_D-jiHHeHHO saBHCHMBi. □ 

Onpe/i;ejieHHe 6.2. MnojKecTBO BCKTopoB e = (e,;,i G /) - **£'-6a3HC BeKTop- 

Horo npocTpaHCTBa, ecjiii bcktopbi e; * * ZJ-jiHEeiiHO HesaBHCHMbi h flo6aBjieHHe 
jiio6oro BCKTopa k STOit CHCTCMe ^ejiaeT STy cncTeMy **Z?-jiHHeHHO saBHCiiMofi. □ 

TeopeMa 6.3. EcAue - ^* D-6a3uc eeKmopnozo npocmpaHcmea V, mo Mm6ou ecK- 
mop V G V UMeem odno u moAbKO odno paaAoatcenue 

(6.1) i) = e,*w 

omHocumeAbHO smozo D-6a3uca. 
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floKaaameA'bcmeo. Tek krk CHCTCMa seKTOpoB HEjiaeTCH MaKCHMajibHbiM mho- 

JKeCTBOM **_D-JIHHeHHO HCSaBHCHMBIX BCKTOpOB, CHCTCMR BeKTOpOB iJ, - D**- 

JIHHeilHO SaBHCHMa II B ypaBHCHHH 

(6.2) vb + e^*c = Q 

no KpaHHeii Mepe h otjihhho ot 0. Tor^a paBencTBO 

(6.3) V :^e,*{-cb-^) 

cjieflyeT h3 (6.2). (6.1) cjie^yeT h3 (6.3). 
^onycTHM Mbi HMeeM ;i,pyroe pa3jiO}KeHHe 

(6.4) v = e^*v' 

BblHTH (6.1) H3 (6.4), Mbl HOJiyHHM 

Q^e^*{v' -v) 

TaK KRK BeKTOpbl Ci **Z?-JIHHeHHO He3aBHCHMbI, MBI HMeeM 

v' -v = 

□ 

Onpe/i;ejieHHe 6.4. Mbi 6y^eM Ha3BiBaTB MaTpHn,y v pa3jiO}KenHH (6.1) Koop/];H- 
HaTHOH MaTpHii,eH BeKTopa V B **Z)-6a3Hce e h ee sjieMenTBi Koop/],HHaTaMH 
BeKTopa V B **Z?-6a3Hce e. □ 

TeopeMa 6.5. MnoDfcecmeo Koopdunam a eeKmopaa e D-6a3ucee nopoatcdawm 
^* D-eeKunopHoe npocmpaHcmeo D" , uaoMopcfjuoe ^* D-eeKmopnoMy npocmpaHcmey 
V . 9mo ^* D-eeKmopHoe npocmpaHcmeo nasueaemcji KOop/i;HHaTHL>iM **D-BeK- 

TOpHMM npOCTpaHCTBOM, fl U30M0p(fiu3M KOOp^HHaTHblM * * Z)-H30MOp4)H3- 
MOM. 

/(oKaaamcMttcmeo. ^onycTHM BeKTopBi a h & G 1^ hmbiot paajioJKeHHe 

b = e^*b 

B 6a3Hce e. Tor;i,a 

a + b ~ e»*a + e**6 = e**(a + b) 
am = {e^*a)m ~ e^,*{ma) 
fljisi jno6oro m £ D. TaKHM o6pa30M, onepan;nH b BeKTopnoM HpocTpancTBe onpe- 

flejieHBI HO KOOpflHHaTHO 

\a + b) ^'a + 'b 
^(am) — ^am 

3to ;i,0Ka3BiBaeT TeopeMy. □ 

IIpHMep 6.6. IlycTb e = {ei,i G /, |/| = n) - **£)-6a3HC BeKTOpnoro npocTpan- 
CTBa _D". KoopflHHaTHaa MaTpHn;a 

\ 
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BeKTopa a b ,*Z3-6a3Hce e nasbiBaeTCH ,*_D-BeKTopoM.'' Mbi 6yfleM nasBiBaTb bbk- 
TopHoe npocTpancTBO Z?" **L)-BeKTopHi.iM npocTpancTBOM *-CTpoK. 
IlycTb ^-CTpoKa 



(6.5) A^i^Ai ... A„. j = iA,,j e J) 

saflaeT MHOJKecTBO seKTopoB. BeKTopti Aj nMeiOT pasjiojKeHiie 



6* 



^3 



EcjiH Mbi noflCTaBHM KOopflHHaTHbie MaTpimbi BeKTopa Aj B MaTpHiiy (6.5), mbi 
nojiyHHM MaTpHLi,y 

f / 'A,\ ( 1A„, \ \ /Ml ... ^Ar, 



A^ 



Mbi 6y;i,eM HasBiBaTb MaTpHi^y A Koop^HHaTHofi MaTpHLi;eH MHOJKecTBa bgk- 
TopoB {Aj,j G J) B SasHce e ii ee sjieMCHTbi Koop^HHaTaMH MHO»cecTBa 
BGKTopoB {Aj ,jeJ) B 6a3Hce e. 

Mbi 6yflfiM npeflCTaBjiHTb **D-6a3HC / BeKTopnoro npocTpaHCTBa *-CTpoK 

D" B (JjOpMe »-CTpOKH 



/=(./! ... fn ) =(/j,je/) 



Mbi 6yfleM roBopiiTb, hto KOopflnnaTHaa Maxpima / MHoacecTBa BexTopoB {f j,j S 
/) onpeflejiaeT KOopfliinaTbi ^ fj Sasiica / OTHOCHTCjibHO 6a3Hca e. □ 

IIpHMep 6.7. IlycTb e = (■'e, j G J, | J| = m) - Z3**-6a3iic BeKTOpnoro npocTpan- 
CTBa Dn- KOopflHHaTHaa MaTpiin,a 



( fli ... flm ) = (ai,j e ^) 



BCKTopa a B Dtf*-&a3ace e Ha3biBaeTCH L)**-BeKTopoM.''' Mbi 6yfleM Ha3biBaTb bck- 
TopHoe npocTpancTBO £)„ £'**-BeKTopHMM npocTpancTBOM »-CTpoK. 
IlycTb *-CTpoKa 

■ 'A 

(6.6) A=\ .._\ ==(M,zG/) 

M 

3aflaeT MHOJKeCTBO BCKTOpOB. BCKTOpbl M HMeiOT pa3JIOJKeHHe 



**Z)-BeKTOp 5iBJi5ieTCH aHajioroM BeKTOp-CTOJi6Li,a. Mm MO>KeM HasMBaTt ero xaK^ce Di^-^evi- 

TOp *-CTpOKOH 

^Z)**-BeKTOp 5iBJi5ieTCH anajioroM BCKTOp-CTpoKH. Mm Mo:»ceM HasMBaxt ero TaKiH^e D*-BeKTOp 

*-CTpOKOH 
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EcjiH Mbi noflCTasHM KOopflHHaTHbie MaTpHn,bi BeKTopa 'A b MaTpnuy (6.6), mm 
nojiy^HM MaTpHn,y 



/ ( ... ) \ / 



V ( ... "A,„ ) y 



1/4 



{'A, 



n A n A 

Al ... Ji„ 



Mbi 6yfleM HasbieaTb MaTpHi^y A KoopflHHaTHoii MaTpHLi;eH MHo:»cecTBa seK- 
TopoB (M,i G M) B 6a3Hce e h ee sjieMenTbi Koop/i;HHaTaMH MHOxcecTsa bgk- 
TopoB (M,i G M) B 6a3Hce e. 

Mbi 6yfleM npeflCTaBjiHTb I?**-6a3HC / seKTopHoro npocTpancTBa *-CTpoK 

Dn B 4)0pMe *-CTpOKII 

7=( 7 - "7 )-C7,*eJ) 

Mbi 6yfleM roBopiiTb, hto KOopfliiHaTnaH MaTpHii,a / MHOJKecTBa BCKTopoB ('/, i G 
J) onpeflejiHCT KOopflHuaTBi ' fj 6a3Hca / OTHOCHTejibHO 6a3Hca e. □ 

TaK KaK MBI jiHHeiiHyio KOM6iiHai];iiio BBipajKaeM c noMOiiiBio MaTpHii,, mbi MOJKeM 
pacnpocTpaHHTB npHHii;Hn flBoiiCTBeHHOCTH na Teopiiio bcktophbix npocTpancTB. 
Mbi MO>KeM 3aniicaTB npHHu^iin flBoficTBeHHOCTii b oflHoii h3 cjie;i,yioin,iix 4)opM 

TeopeMa 6.8 (npiiimnn flBOiiCTBeHHOCTii) . Uycmb 21 - ucmuHHoe ymeepcHcdeHue 
o ecKmopHux npocmpaHcmeax. Ecau mu aaMCHUM odnoepeMeHHO 

• D^* -eeKmop u D* ^.-eenmop 

• !f* D-eeKmop u * ^,D-eeKmop 

• !f* -npouseedenue u * ^-npouaeedenue 

mo MU CHoea noAyuuM ucmuHHoe ymeepamdeHue. 

TeopeMa 6.9 (npnHD,iin flBOiiCTBeHHOCTH) . Uycmb 21 - ucmuuHoe ymeepcHcdenue 
o eeKmopHux npocmpancmeax. Ecau mu odHoepcMCHHO sumchum 

• D^* -ecKmop u ^* D-ecKmop uau D* ^-ecKmop u * ^D-ecKmop 

• ^* -KeasudemepMUHanm u * ^-KeasudemepMUHanm 
mo MU CHoea noAyuuM ucmuHHoe ymeepotcdenue. 

7. ,*_D-JlHHEHHOE OTOBPA>KEHHE BEKTOPHblX nPOCTPAHCTB 

Onpe/i,ejieHHe 7.1. IlycTB V - * * S'-BeKTopnoe npocTpancTBO. IlycTB U - ^,*T- 
BCKTopHoe npocTpancTBO. Mbi 6yfleM Ha3BiBaTB mop4)H3m 

f-S 'A-.V 

T*-npeflCTaBjieHHii Tejia b aGejiCBOii rpynne (**5', **r)-jiHHeHHBiM OTo6pa>Ke- 
HHeM BeKTOpHblX npocTpaHCTB. □ 

CorjiacHO TeopcMe 2.15 npH HayHeHHH (**5', **T)-jiHHeHHoro OTo6pajKeHHa mbi 
MOJKeM orpaHHHHTBCH cjiynaeM S = T. 

Onpe/i,ejieHHe 7.2. IlycTB V ii W - * * D-seKTopHBie npocTpancTBa. Mbi 6yfleM 
Ha3BIBaTB OToGpajKCHHe 

(7.1) A:V-¥W 
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* * D-JIHHeilHblM OTo6pajKeHHeM BeKTOpHBIX npocTpaHCTB, eCJIH*^ 

(7.2) ^(m**a) — A(rn)^*a 

fljiH jiio6ijIX 'a G D, rui ^ V. □ 
TeopeMa 7.3. Uycmh 

1 = (7,_^z e /) 

^* D-6a3uc e eeKmopnoM npocmpaHcmee V u 

1= (ej , j G J) 

D-6a3uc 6 ecKmopHOM npocmpaHcmee U. Tozda D-auhcuhoc omo6paotceHue 
(7.1) eenmopHux npocmpancme uMcem npedcmaejienue 

(7.3) b = A^*a 
omHocumcAbHO 3adaHHUx 6a3ucoe. 3dect> 

• a - KoopduHamnan Mampui^a ecKmopa a omHocumcAbHO ^* D-6a3uca f 

• b - KoopduHamnan Mampuu,a ecKmopa 

b = A{a) 

omHocumcAbHO D-6a3uca e 

• A - KoopduHamnaji Mampuv,a MHOJHzecmea ecKmopoe {A{f i)) e^*D-6a3u- 
ce e, Komopym mu 6ydeM Ha3ueam'b MaTpHLi,eH ,*Z)-JiHHeHHoro oto6- 
pajKeHHH omHocumcAbHO 6a3ucoe f ue 

/(oKasameA-bcmeo. BeKTop a ^ V hmcct pasjioxeHHe 

a = /**a 

OTHOCHTCJibHO **D-6a3Hca /. BexTop b ~ f{a) e U hmcct pasjioaieHHe 

(7.4) 6 = e,*6 

OTHOCHTCjibHO **£)-6a3Hca e. 

TaK KaK A - **£)-jiHHeHHoe OTo6pa>KeHHe, to na ocHOBaHHH (7.2) cjieflyeT, hto 

(7.5) b^A{a) = Ai7,*a)^A(f),*a 

A{fi) TaioKe BCKTop BCKTopHoro npocTpancTBa U h HMeeT pasjiojKenHe 

(7.6) Ai7,)^e,*A, = e,'A, 
OTHOCHTejiBHO 6a3Hca e. KoM6HHnpyH (7.5) h (7.6), mbi nojiynaeM 

(7.7) b = e,*A^*a 

(7.3) cjieflyeT h3 cpaBHemiH (7.4) h (7.7) h TeopeMbi 6.3. □ 

Ha ocHOBaHHH TeopeMbi 7.3 mh ii/];eHTH4)Hn,HpyeM * * ZJ-jiHHeiiHoe OToGpasKenHe 
(7.1) BeKTOpHBIX npocTpancTB ii MaTpHii,y ero npeflCTaBjieniiH (7.3). 



Bbipa>KeHHe A(m)t*a osHanaeT Bi>ipa?KeHne A{m,i) *a 
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TeopeMa 7.4. Uycmt) 

7 = Ur^ e I) 
^* D-6a3uc 6 ecKmopHOM npocmpaHcmee V, 

1= {ej,j e J) 

^* D-6a3uc 6 ecKmopHOM npocmpaHcmee U, u 

^* D-6a3uc 3 ecKmopHOM npocmpaHcmee W . IIpednoAoofcuM, nmo mu umccm kom- 
MymamueHyw duazpaMMy omoSpaotccHuu 

V *-W 





u 

zde f* D-MUHCUHoe omo6paMceHue A UMcem npedcmaejienue 

(7.8) b^A^*a 

omHocumcAbHO sadaHHUx 6a3ucoe u ^* D-auhcuhoc omo6pacHceHue B UMcem nped- 
cmaeACHue 

(7.9) c = B,*b 

omHocumcAbHO 3adaHHUx 6a3ucoe. Tozda omo6pajtceHue C fieAsiemcfi t,* D-auhcu- 
HUM u UMcem npedcmaeACHue 

(7.10) c^B^*A^*a 
omHocumcAbHO sadaHHUx 6a3ucoe. 

/(oKasamcAbcmeo. 0To6pa>KeHHe C HBjiHeTca **_D-jiHHeiiHbiM, trk krk 

C**(/**a) = (^»*i3)**(/**a) 
= B,*(A,*(f,*a)) 
= i?,*(e**(yl**a)) 
= 5H.*(S**(A*a)) 
= g^*{{B^*A)^*a) 

PaBCHCTBO (7.10) cjie;i,yeT h3 noflCTanoBKH (7.8) b (7.9). □ 

SaniicbiBaa: * * _D-jiHHe{tHoe OTo6pajKeHHe b (JjopMe **-npoH3BefleHHH, mbi mojkcm 
nepeniicaTb (7.2) b BH;i,e 

(7.11) A^* (ak) = (A^*a)k 
yTBepjKfleHHe TeopeMbi 7.4 mbi MOsceM sanncaTb b Bii/i,e 

(7.12) B^*(A^*a)^(B,*A),*a 

PaBeHCTBa (7.11) h (7.12) npeflCTaBjiaiOT co6oii saKOH accou;HaTHBHOCTH p,Jiii 
,*_D-jiHHeHHbix OTo6pa:>KeHHfi BeKTopHbix npocTpancTB. 3to noaBOjiaeT naM 
nncaTb nofloGnbie Bbipa^KemiH ne nojiBsyacb CKo6KaMH. 
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PaseHCTBO (7.3) HEjiaeTCH KOop^iiHaTHOfi aaniicbio **_D-jiHHeiiHoro OTo6pa>Ke- 
HiiH. Ha ocHOBe TeopeMbi 7.3 6ecKOop;;HHaTHaH saniici. TaKJKe MOJKeT 6ijItij npe/i,- 
CTaBjiena c noMombio **-npoH3BefleHiiH 

(7.13) 6=X*a = X*7**a = e**A*a 

EcjiH noflCTaBHTb paBCHCTBO (7.13) B TeopeMy 7.4, to mbi nojiynuM Li,enoHKy pa- 

BeHCTB 

c = B^,*A^,*a = Bf*A^,*f^,*a = g^,* B^,* A^,*a 

SaMeuanue 7.5. Ha npiiMepe **D-jiHHeHHbix OToGpasKenHft jierKO BH^eTb nacKOjib- 
KO TeopcMa 2.15 o6jierHaeT naniH paccyjKfleHHH npn iiayHeHHH MopcjDiiSMa T*-npefl- 
CTaBjieHHH r2-ajire6pbi. floroBopHMCH b paMxax SToro saMeHanHH Teopiim »*_D-jiii- 
HeiiHbix OTo6pa>KeHHii HastiBaTi. coKpamcHHOft Teopiieii, a Teopnio, H3jiaraeMyio b 
3TOM saMe^iaHHH, Ha3biBaTb pacimipeHHOH Teopiieii. 

HycTb V - * * 5'-BeKTopHoe npocTpancTBO. HycTB U - **T-BeKTopHoe npocTpan- 

CTBO. HyCTb 

r:S A:V 

{** S, **r)-jiHHeHHoe OTo6pa>KeHHe BeKTopHbix npocTpancTB. HycTb 

7 =(/.,*£/) 
**S'-6a3iic B BeKTopHOM npocTpancTBe V ii 

1= {ej,j e J) 

**r-6a3HC B BeKTOpHOM npocTpaHCTBe U. 

H3 onpeflejieHHH 7.1 h 2.2 cjie^yeT 

(7.14) b = A{a) = A{J,*a) = A{7),*r{a) 

A{fi) TaKJKe BeKTop BeKTopnoro npocTpancTBa U h HMeeT pa3jiO}KeHiie 

(7.15) A(70 = e**A, = e, ^ A, 
OTHOCHTejiBHO 6a3Hca e. KoM6iiHiipyH (7.14) h (7.15), mbi nojiy^aeM 

(7.16) b = e,*A,*r{a) 
HycTb W - **£'-BeKTopHoe npocTpancTBO. HycTb 

p:T B -.U 

(**T, H.*D)-JiHHeiiHoe OTo6pajKeHiie BeKTopntix npocTpancTB. HycTb 

f = iViJ e L) 

**£)-6a3HC B BeKTopHOM npocTpancTBe W. Tor^a, corjiacHO (7.16), npoii3BefleHHe 
(**<§', **2^)-JinHeHHoro OTo6pa}KeHHH (r, A) ii (**r, **£')-jiHHeiiHoro OTo6pa>KeHHH 

(p, B) HMeeT BHfl 

(7.17) c = K*B^*p(A)^*pr{a) 

ConocTaBjieHiie paBencTB (7.10) h (7.17) noKa3biBaeT nacKOjibKO paccniiipeHaa Teo- 
pnH jiHHeiiHBix OTo6pa}KeHini cjiojKHee coKpameHHOit Teopnn. 

Hpii Heo6xofliiMOCTH Mbi MOJKeM nojib30BaTbca paccniiipeHoii Teopiieii, ho mbi ne 
HOJiyHHM HOBbix pe3yjibTaT0B no cpaBneHHio co cjiynaeM coKpameHHOii TeopHefi. B 
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TO }Ke BpeMa oGHjine ;i,eTajieH ^ejiacT KapTHHy Menee hchoh h TpeGyeT nocTOSHHoro 

BHHMaHHH. □ 
8. ChCTEMA ,*£)-JlHHEHHbIX yPABHEHHH 

Onpe/i;ejieHHe 8.1. IlycTb V - **£'-BeKTopHoe npocTpancTBO h {Ai E V,i <E 1} - 

MHOJKeCTBO BeKTOpOB. * *D-JIHHeHH£lH o6ojIOHKa B BeKTOpHOM npOCTpaHCTBG 

- 3T0 MHOJKeCTBO Span(^i, i E I) BCKTOpOB, **Z3-JIHHeHHO SaBHCHMblX OT BCKTOpOB 
A- ' □ 

TeopeMa 8.2. Uycmb span{Ai,i G /) - ^* D-MuneuHaji o6oAOHKa e eeKmopnoM 
npocmpaHcmee V. Tozda span{Ai,i El) - nodnpocmpaHcmeo eeKmopnozo npo- 
cmpaHcmea V . 

/(oKaaameAbcmeo. HpeflnojiojKHM, hto 

b E span(j4i, i E I) 
c E spaii{Ai,i E I) 

CorjiacHO onpeflejiCHHio 8.1 

b = A,*b 
c = j4.^ c 

Torfla 

b + c = A^*b + A^*c^A^*{b + c) E span(Ai,i E I) 
bk = (A**6)fc = A,*(&fc) E span(Ai, i E I) 
3to ;i,0Ka3biBaeT yTBepjKflCHHe. □ 
IIpHMep 8.3. XlycTb V - * * D-BCKTopHoe npocTpancTBO h *-CTpoKa 

^= ( M ... An ) ^{A,,lEl) 

3a;i,aeT MHO>KecTBO BeKTopoB. Hto6m OTBeTHTb na Bonpoc, hjih BexTop b E span(y4j, i E 
I) , Mbi sanHineM jiHHeiiHoe ypaBHenHe 

(8.1) b = ^^*x 

X = 

\ "a; 

*-CTpoKa HeHSBecTHbix K034)4)Hii,HeHTOB pasjiojKeHHH. h E span(^i,i E I) , ecjiH 
ypaBHeHHC (8.1) HMecT peineHHC. IlpeflnojiojKHM, hto / = (/j, j E J) - **Z3-6a3HC. 
Tor^a BCKTopbi 6, Ai HMeiOT pasjiojKeHiie 

(8.2) & = fe**7 

(8.3) A, =7**A, 
EcjiH Mbi noflCTaBHM (8.2) h (8.3) b (8.1), mh nojiyimM 

(8.4) 7/& = 7/A/x 
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npiiMeHSH TeopeMy 6.3 k (8.4), mm nojiywM CHCTeMy **D-jiHHeHHijix ypasHe- 

HHH 

(8.5) A^*x = b 

Mbi MOMieM saniicaTb CHCTeMy , * ZJ-jiiiHeftHbix ypaBHenHH (8.5) b oflHofi h3 cjie- 
;i,yiomHx 4)opM 

■1^1 ... lA,, 

































[ "6 / 



Ml ... 

(8.6) ^Ai 'x = 



^Am +... +™A„ "a; = ™& 
IIpHMep 8.4. riycTb V - £'**-BeKTopHoe npocTpancTBO h *-CTpoKa 



□ 



A 



= i'A,jeJ) 



3a;i,aeT MHOJKecxBO neKTopoB. HtoGbi OTBeTHTi. na Bonpoc, hjih bcktop 6 G span(^ A, j S 
J) , MBI sanHineM jiHHeilHoe ypaBHCHHe 

(8.7) b = x.*A 
r^e 

X ^ Xi ... ^ 

*-CTpoKa HCHSBecTHBix KOScJjcJjHi^HeHTOB pa3jiO}KeHHH. b G span(-'^,j G J) , ecjiH 
ypaBHCHHe (8.7) HMeei peinemie. IIpeflnojiojKHM, hto / = i''f,i G /) - I?**-6a3HC. 
Tor^a BCKTopbi 6, ■'A HMeiOT pasjiojKeHiie 

(8.8) b = b,*J 

(8.9) ^'1 = ^**7 

EcjiH MBI noflCTaBHM (8.8) H (8.9) b (8.7), mbi nojiynnM 

(8.10) b,*7^x,*A,*J 

IIpiiMeHHH TeopeMy 6.3 k (8.10), mbi nojiy^HM CHCieMy I?<,*-jiHHeHHfaix ypaB- 
HeHHii' 

(8.11) x^*A = b 



^HHTaH CHCTeMy * * D-jiHHefiHbix ypaBHCRHH (8.5) CHHsy Bsepx h cjiesa nanpaBO, mbi nojiyMHM 

CHCTCMy Z)* *-JlHHeHHbIX ypaBHCRHH (8.11). 
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Mbi MO>KeM sanHcaTb CHCTeMy £'H.*-jiHHeHHbix ypaeHeHHii (8.11) b oflHofi h3 
cjieflyiomHx 4)opM 

/ Ml ... 

( \ * 

V "^1 ■• 



hi 



.12) 



Ml 



m /I 



' 4 



□ 



Onpe/i;ejieHHe 8.5. Ecjih n x n MaTpHi];a ^ nMecT **-o6paTHyK) MaTpHii,y, mm 
6yfleM HasbisaTb Taxyio MaTpHLi,y **-HeBbipo»cfleHHoii MaTpHLi;eii. B npoTHBHOM 
cjiynae, mbi GyflfiM nasbiBaTb Taxyio Maipimy ,*-BBipojKfleHHOH MaTpHi];eft. □ 

Onpe/i;ejieHHe 8.6. IIpeflnojiojKHM, ^^to A - ^*-HeBbipojKfleHHaa: MaTpnii,a. Mbi 
6yfleM HasbiBaTB cooTBeTCTByiomyio ciiCTCMy ^ * D-jiHHeiiHbix ypaBHCHHii 

(8.13) A^*x = b 

HeBMpO»C/i;eHHOH CHCTGMOH »*Z)-JIHHeHHMX ypaBHeHHH. □ 

TeopeMa 8.7. Pemenue HeeupootcdeHHott cucmeMU D-AUHeuHux ypaeiieHuu 
(8.13) onpedeACHO odHoanaHHO u MODfcem 6um-b sanucano e Am6ou U3 CAedymiu,ux 
cfiopM^ 

A-^'\*b 



(8.14) 
(8.15) 



a; 
x 



Hdet {A,.. 



/foKasameAbcmeo. YMHO^KaH o6e ^lacTH paBCHCTBa (8.13) cjieBa na A~^* , mbi no- 
jiyHHM (8.14). IlojiBsyHCB onpeflejieHHeM [6]-(3.12), mbi nojiy^HM (8.15). PeineHHe 

CHCTCMBI eflHHCTBeHHO B CHJiy TeOpCMBI [6]-(2.16). □ 

9. PAHF MATPHLl,bI 

Onpe/i;ejieHHe 9.1. Mbi 6yfleM nasBiBaTB Maipimy'' ^ At MiiHopoM nopaflKa k. □ 



°Mm MOJKeM HaftTH pemeHHe CHCTeivibi (8.13) b Teopeme [4J-1.6.1. 51 noBTopaio 3to yTBepjKfle- 
HHe, TaK KaK a cjierKa HSMennji o6o3HaHeHHH. 

^Mbi ^ejiaeM cjie^yiomHe npe^nojiojKeHHa b stom pas^ejie 

• i 6 M, \M\ = m, j e N, \N\ = n. 

• A = Aj) - npoH3EOJibHaH MaTpHLi,a. 

• k, s e S D M, I, t eT D N, k = \S\ = \T\. 

• p e M\S, r e N\T. 
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Onpe/i;ejieHHe 9.2. Ecjiii mhhop ^At - **-HeBi>ipojKfleHHaa: MaTpHD;a, to mbi 6y- 
;i,eM roBopiiTb, hto **-paHr MaTpHD;bi A ne MCHbine, ^^eivi k. **-paHr MaTpHii,bi 
A 

rank,* A 

- 3T0 MaKCHMajibHoe SHaneHHe k. Mbi 6ypfiM HasbiBaTb cooTBeTCTByromHil mhhop 

**-rjiaBHBIM MHHOpOM. □ 

TeopeMa 9.3. Ilycmt) Mampui^a A - -eupoofcdeHHasi Mampui^a u MUHop ^ At - 
gAaenuu MUHop, mozda 

(9.1) J'det(^^^P>^TuW,**)^ = 

/^oKaaameAbcmeo. HTo6bi hohhtb, noHeMy MHHop ^'^^^^ Arpij^^y ne HMeei **-o6- 
paTHOii MaTpHn,bi,^*' mbi npeflnojiOHCHM, hto oh HMeeT **-o6paTHyK) MaTpHn,y h 
saHHHieM cooTBeTCTByiomyK) CHCTeMy [6]-(3.2), [6]-(3.3), nojiaraa i ~ r, j ^ p n 
HOHpo6yeM peniHTb STy CHCTCMy. IIojiojkhb 

(9.2) B = ''''^pUtuM 
Mbi nojiyT?HM CHCTeMy 

(9.3) •^Bt**^B-^-*p + ^B,. = 

(9.4) pBt**^B-^''p + PBr 'B-'-'p = 1 
Mbi yMHO>KHM (9.3) Ha {^Bt)~^* 

(9.5) '^B-^-'p + {^BT)-^'\*^Br ''B~^''p = 
Tenepb mbi mojkcm HOflCTaBHTB (9.5) b (9.4) 

(9.6) ~PBT**{'^BTy^'\*^Br ''B"^'" p + PBr 'B-^-'p = 1 
Ha (9.6) cjieflycT 

(9.7) {PBr - PBT.*{^BTy^-\*^Br) ''B-^-'p = 1 

BBipajKCHHe B CKo6Kax HBjiaeTca KBa3H/i,eTepMHHaHT0M p dot {B, **)^. no;i,CTaBjiHH 
3TO BBipajKcmie b (9.7), mbi HOjiy^HM 

(9.8) fdet(B,/), '-^-i-'p^l 

TeM CRMbiM Mbi ;],OKa3ajiH, hto KBa3H;];eTepMHHaHT ^ dct {B^ ^*)^ onpe;];ejieH ii ycjio- 
BHe ero o6paii],eHiiH b Heo6xo;];HMoe h ;];ocTaTOHHoe ycjiOBHe Bbipo::^;],eHHOCTn iviaT- 
pimBi B. Teopeivia /^OKasana b CHjiy corjiaineHHs (9.2). □ 

TeopeMa 9.4. UpednoAoofcuM, umo A - Mampuv^a, 

rank * A = k < m 



^*^EcTecTBeHHO o?KH^aTi> CBHSb Me:»cfly * *-Bbipo»c^eHHOCTi>io MaTpHi^bi H ee :+:*-KBa3HfleTepMH- 
HaHTOM, noflo6Hyio cbhsh, HSBecTHoii b KOMMyTaTHBHOM cjiyMae. O^naKO * *-KBa3n^eTepMHHaHT 
onpe^ejieH ne Bcer^a. HanpHMep, ecjiH **-o6paTHaH MaTpHLi,a HMeex cjihuikom mhofo sjieivieHTOB, 
paBHbix 0. KaK cjie^iyeT h3 stoh TeopeiviM, He onpe^ejieH **-KBa3HfleTepMHHaHT xaK^ce b cjiy^ae, 
Kor^a **-paHr MaTpnii,bi Menbine n — 1. 
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u ^ At - -zjiaenuu MUHop. Tozda ^^-cmpoKa ^A nejifiemcti D^* -jiuHeuHou kom6u- 
^A. 

(9.9) ^^■^A = R,*'^A 
(9.10) 

(9.11) PAh=PRs'At 

/JoKasameAbcmeo. Ecjih wcjio *-CTpoK - fc, to, nojiaraa, ^to *-CTpoKa ^A - D^,*- 
jiHHeiiHaH KOM6HHaLi;iiH (9.10) *-CTpoK '^A c K034)(|)imHeHTaMH PRs, Mbi nojiyTiHM 
CHCTeMy (9.11). CorjiacHO xeopeMe 8.7 STa CHCTeMa HMeeT e^HHCTseHHoe pemeHHe^^ 

H OHO HCTpHBHajIbHO HOTOMy, HTO BCC * * -KBaSH/ieTepMHHaHTbl OTJIHHHbl OT 0. 

OcTaeTca ;i,0Ka3aTb yTBepjKflCHHe b cjiynae, Korfla hhcjio *-CTpoK GojiBnie hbm 
k. IlycTb HaM ;i,aHbi ^-CTpoxa ^A ii *-CTpoKa Ar-. CorjiacHO npeflnojio:a{eHHio mhhop 
■SuIpI^^^^^j^ _ ^*_Bbipo}K/i,eHHaH MaTpHD;a h ero **-KBa3HfleTepMHHaHT 

(9.12) Pdet('5^^P>^TuW,**)^ =0 
CorjiacHO [6]-(3.14) paBencTBO (9.12) hmcct bii^ 

PAr - PAT,*ii^AT)-^''),*^Ar = 

MaTpima 

(9.13) pR^pAt,*{{^At)-^'') 
He sasHCHT OT r. CjieflOBaTejibno, fljiH jiio6bix r E N \ T 

(9.14) PAr^PR.^'^Ar 
Hs paBBHCTBa 

{{'At)-''').*''A=^Si 

cjieflyeT, ^^to 

(9.15) PAi = pAt,*^Si = pAt.*{{''At)-''').*'^Ai 
IIoflCTaBjiHH (9.13) B (9.15), mbi nojiyniiM 

(9.16) PAi^PR,*^Ai 

(9.14) H (9.16) aaBepniaiOT flOKasaTCjibCTBO. □ 

CjieflCTBHe 9.5. UpednoAostcuM, nmo A - Mampui^a, rank,. A = k < m. Tozda 
^,-cmpoKU Mampuvfii D^,* -auhcuho aaeucuMU. 

(9.17) X^*A^O 

/JoKasameMbcmeo. IIpeflnojiojKHM, hto ^-CTpoxa PA - Z3**-jiHHeHHaa KOM6HHaLi,iiH 

(9.10) . Mbi nojiojKHM Xp = —1, As = pRs ii ocTajibHbie Ac = 0. □ 

Teopeivra 9.6. IJycmb (*A, i S M, |M| = m) ceMeucmeo D^* -AuueuHO neaaeu- 
cuMux ecKmopoe. Tozda ^* -pam ux KoopduHamHou Mampuvfii paeen m. 



"'^"'^Mbi nojio>KiiM, HTO Hen3BecTHi>ie nepeMeHHbie Sflect - 3to Xs = ^Rs 
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/^OKaaameAbcmeo. CorjiacHO KOHCTpyKii,HH, HSjiojKeHHOii b npHMepe 6.7, vlooyijxb- 
HETHaa MaTpHi],a ceMeficTBa BCKTopoB (M) othochtcjibho 6a3Hca e coctoiit h3 

CTpOK, HBJIHIOmHXCH KOOpflHHaTHblMH MaTpHLi;aMH BeKTOpOB ^ A OTHOCHTejIBHO 6a- 

3Hca e. HosTOMy »*-paHr STOii MaTpimbi ne MOJKeT npeBbimaTb m. 

^onycTHM **-paHr KOopflHtiaTHOfi MaTpimti Menbine m. CorjiacHO cjieflCTBHm 
9.5 *-CTpoKH MaTpimbi Z?**-jiHHeHHO saBHCHMbi. EcjiH Mbi yMHOJKHM o6e iiaCTH 
paBeHCTBa (9.17) na *-CTpoKy e h nojioJKHM c = X^* A, to mbi nojiy^HM, ^ito I?**- 

JIHHeftHaS KOM6HHaLi;HH 

c,*e = 

BeKTopoB 6a3Hca paBHa 0. 3to npoTHBope^^HT yTBepjKfleHnio, hto BeKTopti e o6pa- 
syiOT 6a3HC. YTBepiKfleHHe TeopeMbi flOKa3aHO. □ 

TeopeMa 9.7. UpednoAocucuM, umo A - Mampuv,a, 

rank^* A ~ k < n 

u ^ At - -zjiaenuu Munop. Tozda * -cmpoKa A^ sieAfiemcsi ^* D-auhcuhou komuo- 
awnueu *-cmpoK At 

(9.18) An\t = At,*R 

(9.19) Ar AT**Rr 

(9.20) °X = "At 'Rr 

/(oKasameMbcmeo. Ecjiii hhcjio *-CTpoK - fc, to, nojiaraa, hto *-CTpoKa Ar - **-D- 

JIIIHeilHaH KOM6HHaLl,HH (9.19) *-CTpOK At C K034)4)im,HeHTaMH *i?r, MH nojiyHHM 

CHCTeMy (9.20). CorjiacHO TeopeMe 8.7 STa cncTCMa HMeeT eflHHCTBenHoe peineHHe^^ 
H OHO neTpHBHajiBHO noTOMy, ^to Bce **-KBa3HfleTepMHHaHTbi otjihhhbi ot 0. 

OcTaeTCH ^0Ka3aTb yTBepjKfleHne b cjiynae, Kor^a hhcjio *-CTpoK Gojibine, hbm 
k. ITycTij HaM ;i,aHbi *-CTpoKa Ar h *-CTpoKa ^A. Corjiacno npeflnojioxceHHio mhhop 
^^^P^ Axij{r} ~ **-Bbipo}K/i,eHHaH MaTpHD;a h ero **-KBa3HfleTepMiiHaHT 

(9.21) Pdct(^^^P>^TuW,**)^ = 
CorjiacHO [6]-(3.14) (9.21) HMeeT bha 

PAr-PAT,*ii^ATy^''),*^Ar = 

MaTpHD,a 

(9.22) Rr = ((^At)-^-*)**^A 

He 3aBHCHT OT p, CjieflOBaTCJIbHO, flJIH jiio6bix p Cz M \ S 

(9.23) PAr^PAT,*Rr 

H3 paBencTBa 

''AT.*{{''ATr''')s = 'Ss 

cjieflyeT, ^^to 

(9.24) ''Ar = ''Ss.*''Ar = *'-At/((^At)-i**)%*^^. 
IIoflCTaBjiHH (9.22) B (9.24), mbi nojiyHHM 

(9.25) ''Ar = ''AT**Rr 

(9.23) H (9.25) saBepmaiOT flOKa3aTejibCTBO. □ 



^^Miji nojiOJKHM, HTO HeH3BecTHbie nepeMeHHbie Sflecb - 3to *x = 'R^ 
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CjieflCTBHe 9.8. UpednoAootcuM, umo A - Mampuvfl, rank^» A = k < m. Tozda 
* -cmpoKU Mampuvpi D-auhcuho aaeucuMU. 

A^*\ = 

floKaaameAhcmeo. ITpeflnojiojKHM, hto *-CTpoKa A,. - npaBaa jiHHeiiHaa KOMGnna- 
n,HH (9.19). Mbi nojiojKHM ''A ~ —1, *X=*Rr h ocTajibHbie '^A = 0. □ 

OnHpaacb na TeopeMy [6]-3.8, mm MoaceM sanncaTb no^o6Hijie yTBepsKflennH fljia 
**-paHra Maipimbi. 

TeopeMa 9.9. UpednoAooKUM, nmo A - Mampuv,a, 

rank.^ A ~ k < m 

u tA^ - * ^-ZAaenuu MUHop. Tozda ^-cmpoKa A^ sieAfiemcsi * ^.D-AuneuHou kom- 
noswuueu ^-cmpoK A'* 

(9.26) A^''^'^ = A^%R 

(9.27) AP = A^%RP 

(9.28) = bA' 

Cjie^CTBHe 9.10. UpednoAOChicuM, nmo A - Mampuu,a, rank.^ A ~ k < m. Tozda 
if-cmpoKU Mampwuu * ^D-auhcuho aaeucuMU. 

AW^O 

TeopeMa 9.11. FIpednoAocucuM, umo A - Mampuv,a, 

rank*^ A = k < n 

u tA^ - * ^-ZAaenuu Munop. Tozda * -cmpoKa ^A sieAfiemcsi D* ^-auhcuhou komuo- 
3uv,ueu * -cmpoK tA 

(9.29) n\tA = R\tA 

(9.30) rA = rR**TA 

(9.31) rA" = rR' tA" 

Cjie/];cTBHe 9.12. TlpednoAostcuM, nmo A - Mampuv,a, rank.^ a ~ k < m. Tozda 
* -cmpoKU Mampwuu D* ^.-auhcuho aaeucuMU. 

X%A = 

10. CHCTEMA **D-JIHHEHHbIX yPABHEHHH 

Onpe/i;ejieHHe 10.1. IIpeflnojiojKHM, hto*^ A - MaTpHLi,a CHCTeMBi D**-jiHHeiiHi>ix 
ypaBHemiii (8.12). Mm 6y^eM HasbiBaTb MaTpHi];y 




rA, . 


■ 'AA 




m A 


V h ■ 


■ bn J 



(10.1) 

pacniHpeHHOH MaTpHi^eft 3toh CHCTeMbi. □ 
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Onpe/i,ejieHHe 10.2. IIpeflnojiojKiiM, hto*^ A - MaTpHn,a CHCTCMbi * * D-jiHHeiiHbix 
ypaBHeHHH (8.6). Mm 6y;i,eM HasbieaTb MaTpHLi,y 

(10.2) ^b) = 

y^Ai ... ™A„ " 

pacniHpeHHoii MaTpni^efi stoh CHCTeMbi. □ 

TeopeMa 10.3. CucmeMa ^* D-auhbuhux ypaeneHuu (8.6) UMeem pemenue mozda 
u moAbKO mozda, Kozda 

(10.3) rank..(^A,) =rank.. (^^A, ^b^ 

/foKaaameAticmeo. HycTb ^ At - **-rjiaBHbiH MHHop MaTpHn,bi A. 

IlycTb CHCTeMa * * ZJ-jiHHeliHbix ypaBHeHHH (8.6) HMeeT pemeHHe — 'd. Tor^a 

(10.4) = & 
ypaBHCHHe (10.4) MoaceT 6biTb saniicaHO b 4)opMe 

(10.5) AT,*^d + Ai^\T**^''^d^b 

IIo^CTaBJIHH (9.18) B (10.5), MM HOJiyHHM 

(10.6) AT**^rf + AT**i?,*^\^d = 6 

Ha (10.6) cjieflyeT, ^^to ^-CTpoxa b HBjiaeTCH * D-jiHHeiiHOH KOM6HHaD,HeH *-CTpoK 

AT.*Cd + R.*''\^d)^b 
3to SKBHBajieHTHO ypaBHeHHK) (10.3). 

HaM ocTajiocb ;i,OKa3aTb, hto cym;ecTBOBaHHe pemeHHH ,t*D-CHCTeMM jinneftHbix 
ypaBHeHHH (8.6) cjie^yeT h3 (10.3). HcTHHHOCTb (10.3) osHanaeT, hto ^At - Tax 
see **-rjiaBHMH mhhop pacmnpeHHOH MaTpHn,M. Hs TeopeMbi 9.7 cjie^yeT, hto 

CTpOKa b HBJiaeTCH **£'-JIHHeHHOH KOMn03HH,HeH »-CTpOK At 

b^AT,*'^R 

IIojiaraH ^i? — , mm nojiy^HM 

b^A,*R 

CjieflOBaTejibHO, mm nanijiH, no KpaiiHeH Mepe, oflHO pemeHHe CHCTeMbi h.*-D-Jih- 
HeiiHMx ypaBHeHHH (8.6). □ 

TeopeMa 10.4. UpednoAocHcuM, umo (8.6) - cucmeMa ^* D-auhcuhux ypaeHenuu, 
ydoBAemeopjitoinux (10.3). Ecau rank^* A = k < m, mo pemenue cucmeMU aa- 
eucum om npouseoAbHux SHaueHuu m ^ k nepeMennux, ne eKAWueHHUx e 
ZAaenuu MUHop. 

floKaaameAbcmeo. IlycTb ^ At - »*-rjiaBHbifl: MHHOp MaTpHn;M a. IIpeflnojiojKHM, 

(10.7) PA,*x^ Pb 
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ypaBHemie c HOMepoM p. HpHMeHafl; TeopeMy 9.4 k pacmiipeHHOH MaTpHD,e (10.1), 
Mbi nojiyHHM 

(10.8) PA = PR^*^A 

(10.9) Pb^PR.,*^b 
IIoflCTaBjiHH (10.8) H (10.9) B (10.7), MM nojiyniiM 

(10.10) PR,*^A,*x = PR,*'^b 

(10.10) osHanaeT, hto mbi moscgm hckjik)hhti> ypaBneHHe (10.7) h3 cncTeMti (8.6) 
H HOBaa CHCTeMa SKBHBajiCHTHa CTapoit. Cjie^OBaTejibHO, hhcjio ypaBHeHHH mojkct 
6HTb yMeHbineno flo k. 

B 3T0M cjiynae y nac ecTb flpa BapnanTa. Ecjih hhcjio nepeMeHHtix TaioKe paBHO 
k, TO corjiacHO leopeMe 8.7 ciiCTCMa hmcct eflHHCTBenHoe peineHHe (8.15). Ecjih 
HHCjio nepeMeHHbix m > fc, to mm mojkgm nepeflBHHyTb m—k nepeMCHKbix, KOToptie 
He BKmonemA b **-rjiaBHbiH mhhop b npaBoii nacTH. HpHCBaHBaH HpoHSBOjibHbie 
SHanenHH sthm nepeMeHHbiM, mbi onpeflejiaeM anaHenHe npaBoii nacTii h fljiH SToro 
SHaneHiiH mbi nojiy^HM e^HHCTBeHHoe peineHHe corjiacHO TeopeMe 8.7. □ 

CjieflCTBHe 10.5. CucmeMa ^* D-auhcuhux ypaeneHuil (8.6) UMeem eduHcmeen- 
Hoe pemeHue mozda u moAbKO mozda, Kozda ee Mampuu,a neeupootcdeHHaji. □ 

TeopeMa 10.6. PemenuM odHopodiioil cucmeMU ^* D-auhcuhux ypaeneHuu 

(10.11) A*.T = 
nopodfcdawm D-eeKmopnoe npocmpaHcmeo. 

JJoKasameAbcmeo. IlycTb X - mhojkcctbo penieiiHii CHCTeMbi **Z3-jiHHeHHi.ix ypaB- 
HeHHH (10.11). IIpeflHOjiojKHM, TITO X = (".t) E X k y = (°y) G X. Tor^a 

aa'' = 

aa' = 

CjieflOBaTejibHO , 

{^x + hj) = 'Aj ^x + 'Aj ^y = 
X + y = { ^x + ^y) elC 
TaKHM >Ke o6pa30M mbi bh^hm 

i^xb) = (Mj ^x)b = 
xb = i^xb) e X 

CorjiacHO onpcflejienHio 4.4 X HBjiaeTCH * * D-bcktophbim npocTpaiiCTBOM. □ 

11. HEBbIPO>KflEHHAH MATPHL1,A 

ITpeflHOjiOHCHM, HTO HaM flana n x n MaTpima A. CjieflCTBHH 9.5 h 9.8 roBopHT 
HaM, HTO ecjiH rank^* A < n, to *-ctpokh D**-jiHHeHHO saBHCHMbi h *-ctpokh 

JIHHeiiHO SaBHCHMbl.^"^ 

TeopeMa 11.1. Uycmb A - nxn Mampuu,a u * -cmpoKa Ar - ^* D-AUHeunaM kom- 
6uHav,uji dpyzux *-cmpoK. Tozda rank,^. A < n. 

^'^3to yTBepjK^eHHe noxojKe Ha yTBep^K^eHiie [5]-1.2.5. 



36 



AjieKcaHflp Kjichh 



J^oKaaameAbcmeo. yTBepjKfleHiie, hto *-CTpoKa Ar HBjiaeTCH » * D-jiiiHeiiHoii kom- 
6HHaD,HeH flpyrHx *-CTpoK, osHanaeT, hto CHCTeMa , * D-jiHtieftHbix ypaBHeHHii 

HMecT, no KpaHHeii Mepe, ojxao pemeHiie. CorjiacHO TeopeMe 10.3 

rank,^. A = rank^. 

TaK KaK HHCjio *-CTpoK MeHbine, HeM n, to rank^. A[r\ < n. □ 

TeopeMa 11.2. Uycmb A - n x n Mampuv,a u ^-cmpoKa ^A - D^* -AUHeunaM 
KOMSuHaufliH dpyzux ^-cmpoK. Toeda rank^» A < n. 

/l^oKasameAbcmeo. /^OKaaaTejibCTBO yTBepjKflCHHH noxojKe na flOKasaTejitCTBO Teo- 
peMbi 11.1 □ 

TeopeMa 11.3. UpednoAostcuM, nmo A u B - n x n Mampuv,u u 

(11.1) C^A^*B 

C - ^* -eupoofcdeHHasi Mampwua mozda u moAbKO mozda, Kozda au6o Mampui^a A, 
Au6o Mampuv,a B - -eupocHcdeuHaji Mampuu,a. 

/^OKaaameAbcmeo. ITpeflnojiojKHM, hto MaTpima B - ,*-BBipojKfleHHaa:. CorjiacHO 
TeopeMe 9.7 *-ctpokh MaTpHn,Bi B **Z3-jinHeHHO saBHCHMbi. CjieflOBaTejibHO, 

(11.2) = B,*A 
rfle A 7^ 0. Ha (11.1) h (11.2) cjieflyeT, ^^to 

C**A = At,* B^*\ = 

CorjiacHO TeopeMe 11.1 MaTpHLi;a C HBjiaeTCH ,*-Bbipo}KfleHHOH. 

ITpeflnojiojKHM, hto MaTpHLi;a i? - ne **-BbipojKfleHHaa, ho MaTpHD;a A - **-Bbi- 
pojKfleHHaa. CorjiacHO TeopeMe 9.4 *-CTpoKH MaTpHD;bi A * * D-jiHHeiiHO aaBHCHMbi. 
CjieflOBaTejiBHO , 

(11.3) Q^A./n 
rfle ^ 7^ 0. CorjiacHO TeopeMe 8.7 ciiCTeMa 

i3**A = ^ 

HMeeT eflHHCTBeHHoe peineniie, r^e A 7^ 0. CjieflOBaTejibHO, 

C/A = A/B/A = A,> = 

CorjiacHO TeopeMe 11.1 MaTpHi];a C HBjiaeTCH **-BbipojK/i,eHHOii. 

IlpeflnojiojKiiM, HTO MaTpHii,a C - **-Bbipo}KfleHHaH MaTpHri,a. Corjiacno TeopeMe 
9.4 ^-CTpoKH MaTpimbi C **D-jiHHeHHO saBHCHMbi. Cjie^OBaTejibHO, 

(11.4) = C.*A 
rfle A 7^ 0. Ha (11.1) h (11.4) cjieflyeT, hto 

= A^*B^*\ 

ECJIH 

= B^*\ 

BbinojiHeHO, TO MaTpHii,a B - **-Bbipo}KfleHHaH. IlpeflnojioJKHM, hto MaTpHu,a B ne 

**-BbipO}KfleHHaH. IIOJIOJKHM 

/i = i3»*A 
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rfle ^J. 0. Tor^a 

(11.5) = yl*> 

Ha (11.5) cjieflycT, hto MaTpima A - **-Bi>ipojKfleHHaa:. □ 
OraipaHCb Ha TeopcMy [6]-3.8, mm MOJKeM sanncaTb no;i,o6Hijie yTBepjKflCHHH pjisi 

D**-JIHHeiIHOii K0M6HHan,HH *-CTpOK HJIH * , ZJ-JIHHeiiHOH K0M6HHan;HH *-CTpOK H 

KBasHfleTepMHHaHTa. 

TeopeMa 11.4. Uycmb A - nxn Mampwua u * -cmpoKa ^A - * ^.D-AUHeunasi kom- 
6uHav,uji dpyzux *-cmpoK. Tozda rank*^ A < n. 

TeopeMa 11.5. Uycmb A - n x n Mampuii,a u ,,-cmpoKa A^ - D* ,,-AUHeuHasi 
K0M6uHay,ufi dpyzux ^-cmpoK. Tozda rank*^ A < n. 

TeopeMa 11.6. UpednoAOMcuM, umo A u B - n x n MampuVjU u C = A* ^^,B. C - 
* ^.-eupooKdeHHan Mampwua mozda u moAbKO moada, Kozda au6o Mampuv,a A, au6o 
Mampuv,a B - * ^-eupootcdeHHaji Mampuu,a. 

Onpe/i;ejieHHe 11.7. ,*-MaTpHHHaH rpynna GL* ^ - sto rpynna ,*-HeBBipo>K- 
fleHHBix MaTpHii,, rjie mbi onpe;];ejiaeM ,*-npoH3Be;],eHHe MaTpnii, [6]-(2.1) h **-o6- 
paTHyio MaTpHLi;a A""'^ *. □ 

Onpe/i,ejieHHe 11.8. *,-MaTpHHHaa rpynna Gi„*^ - sto rpynna **-HeBBipojK- 
fleHHbix MaTpnn; r^e mbi onpeflejiaeM **-npoH3BefleHHe MaTpnn, [6]-(2.2) n **-o6paT- 
nyio MaTpHn,y A~^ *. □ 

TeopeMa 11.9. 

SaMeuanue 11.10. Ha TeopeMbi [6]-(3.10) cjieflyeT, hto cyni;ecTByiOT MaTpHu,iji, ko- 
Topbie **-HeBijipo}Kflenniji n **-neBbipo>KfleHHbi. TeopeMa 11.9 oananaeT, hto mho- 
jKecTBa **-HeBbipo}K/i,ennijix Maipnn, h **-neBbipo}KfleHHbix MaTpnn, ne coBnaflaiOT. 
HanpnMep, cyni,ecTByeT TaKaa **-neBbipojKflenHafl: MaTpnn,a, KOTopaa **-Bbipo>K- 
;i,eHHaa: MaTpnn;a. □ 

/^oKaaameAbcmeo. 3to yTBepscflenne floCTaTonno flOKasaTb ^jih n ~ 2. Ilpeflno- 
jiojKnM, HTO KajKflaa **-Bijipo}KfleHHaH MaTpHn;a 

HBjiaeTCH ^*-BbipojKfleHnoH MaTpnn,eH. Ha TeopeMbi 9.7 n TeopeMbi 9.7 cjieflyei, nxo 
^*-BijipojK/i,ennaH Maipnn^a yflOBjieTBopaeT ycjiOBnio 

(11.7) M2 = 6'v4i 

(11.8) ^2=6^1 

(11.9) 2^i = Mic 

(11.10) ^2 = M2C 
Ecjin Mbi no;];CTaBnM (11.9) b (11.8), mh nojiynnM 



2 



A2 = b ^Ai 



c 
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b n c - npoH3BOjibHbie ajieMeHTbi Tejia D h **-Bbipo>KfleHHaa MaTpHLi,a (11-6) HMeeT 



(11.11) A = 



d dc\ 
bd bdc I 

IIofloGHbiM o6pa30M Mbi MOJKeM noKasaTb, hto *,-Bbipo}KAeHHaH Maipima HMeeT 

BHfl 

^ d c'd\ 
db' c'db' j 



(n.12) A 



Ha npeflnojiojKeHHH cjie^yeT, hto (11.12) h (11.11) npeflCTaBjiaiOT o^Hy h Ty jKe 
MaTpHn,y. CpaBHHBaa (11.12) h (11.11), mbi nojiyHHM, hto fljia jiio6ijIx d,c Cz D 
cymecTByeT TaKoe c' € D, KOTopoe ne saBHCHT ot d h yflOBjieTBopaeT ypaBHeniiio 

dc = c'd 

3to npoTHBopeHHT yTBepjKfleHHio, HTO D - Tejio. □ 

IIpHMep 11.11. B cjiynae Tejia KBaTepmiOHOB mbi hojiojkhm b— 1 + k, c — j, 
d ~ k. Tor;i,a mm HMeeM 



A 



k \ ( ^ 

(l + k)k {l + k)kjl ^ [k-l -i-j- 



2 det {A, ,*)2 = '^2 - ^AiCAiy' 

= -t-j-{k- im-\-t) = -I - 3 - {k - l)(-fc)(-^) 
= — 2 — j — kki + ki = —i — j + i + j 
= 

idet(A**)' = i^'-i^'(2A2)-i 

= fc - (fc - - ^k-{k- l)i(^ + j)(-j) 

= fc + i((A: - \)i + {k- l)j)i ^ k + ^{ki - i + kj - j)i 

= k + —{j — i — i — j)i = k — a 
= fc + 1 

,dct{A,\f^iA'-iA'{2AT' 2^2 

= fc - 1 - k{-iy'^{-i - j) = fc - l + ki{i + j) 
= fc - 1 + j(?: + j) = fc - 1 + ji + jj 
= fc - 1 - fc - 1 
= -2 
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2det[A,\f ^ ~ 2A\^A^r^ lA^ 

= H) - - J){k - l)-'k = -i + it+j)^{-k - l)k 
= -i- ^{i+j){k + l)k = -i - ^{ik + i+jk + j)k 

= — i — 2 (^-^ + * + * + j)k — —i ~ ik 
= -1+3 



2 



det iA,%f = 2A^ -2A\iA'r^ 



= -I - J - {-i)ikr\k - 1) = -I - J + i{-k){k - 1) 
= -i - j + j{k ^l)^-i-j+jk-j = -i-j + i- j 

CHCTCMa **D-jiiiHeHHbix ypaBHeHiiii 

( k -i \ * (^A _ 



(11.13) 



HMeeT ^*-Bbipo>KfleHHyK) MaTpHD;y. Mm MO»:eM saniicaTb CHCTeMy * * D-jiHHeiiHbix 
ypaBHeHHH (11.13) b BH;i,e 

{k^x — i'^x 
{k -l)^x - {i+ j) '^x = 25 

CiiCTeivia **I?-jiHHeiiHi>ix ypaBHenHii 

(11.14) [^'_^ = 

HMeeT **-HeBbipo>KfleHHyio MaTpiin,y. Mbi mojkcm sanncaTb CHCieMy * * D-jiiiHeftHbix 
ypaBHeHHH (11.14) b BH;i,e 



k ix — i ix 

+ {k - I) 2X - (i+j) 2X 
= lb = 2b 

CncTeMa _D,*-jinHeHHbix ypaBHeHHH 

k —i 



k ix + {k — 1) 2X = lb 
-i ix - (i+j) 2X = 2b 



(11.15) -;-,)-(^^ ' 



HMeeT **-Bbipo>KfleHHyio MaTpHn;y. Mbi moskcm saHHcaTb CHCieMy £'**-jiHHeHHbix 
ypaBHeHHH (11.15) b BH;i,e 



Xik —xii 

+ X2{k-1) -X2{i+j) 

= bi =62 
CncTeMa _D*,-jiHHeHHbix ypaBHenHii 

' k -i \ f^b 



Xik +X2{k — 1) = &i 

-xii -X2{i+j) = &2 



(11.16) 



fc — 1 —i — jj \ b 
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HMeeT **-HeBi>ipojKfleHHyio MRTpimy. Mm MoaceM sanncaTb CHCTeMy _D**-jiHHeHHbix 
ypaBHeHiiii (11.16) b BH;i,e 

{k^x — i'^x ^ 

{k -l)^x - {i+ j) '^x = 25 

□ 

12. PASMEPHOCTb ,*D-BEKTOPHOrO nPOCTPAHCTBA 

TeopeMa 12.1. Uycmb V - D-eeKmopnoe npocmpaHcmeo. IJpednoAocHcuM, umo 
V UMeem ^* D-6a3ucu e = {ei,i £ I) u g = {gjij G J). Ecau \I\ u \ J\ - kohchhuc 
HUCAa, mo \I\ = |J|. 

floKaaameA'bcmeo. IIpe/inojioJKHM, hto |/| = m h \ J\ — n. IIpeflnojioJKHM, hto 

(12.1) m<n 

TaK KaK e - **£)-6a3HC, jik)6oh bcktop gj, j E J HMeei pasjiojKeHiie 

Qj — 

TaK KaK g - »*_D-6a3HC 

(12.2) A = 
cjieflyeT h3 

g**A = e^* A^:*\ = 
TaK KaK e - »*D-6a3HC, mbi nojiyniiM 

(12.3) A/A==0 

CorjiacHO (12.1) rank^* A < m n CHCieMa (12.3) hmcct 6ojibme nepeMeHHbix, 
HBM ypaBHeHHH. CorjiacHO TeopeMa 10.4 A ^ 0. 3to npoTiiBope^^HT yTBepjKflenHK) 
(12.2). CjieflOBaTejibHO, yTBepjKfleuHe m < n HeBepno. 

TaKHM jKe oGpaaoM mbi mo^ksm flOKaaaTb. hto yTBepjK^eHHe n < m HeBepno. 
3to saBepmaeT flOKasaTejibCTBO TeopeMbi. □ 

Onpe/i,ejieHHe 12.2. Mbi 6yfleM nasbiBaTb pasMepHOCTbK) »*Z?-BeKTopHoro 
npocTpaHCTBa hhcjio BeKTopoB B 6a3Hce □ 

TeopeMa 12.3. KoopduHamnaH Mampwua ^* D-6a3uca g omHocumeAbHO ^:*D-6a- 
3uca e eenmopHozo npocmpaHcmea V neAfiemcsi r* -HeeupocHcdeHHott Mampuv,eu. 

JJoKasameAhcmeo. CorjiacHO jieMMe 9.6 **£'-paHr KOopflUHaTHOit MaTpni^bi 6a3Hca 
g OTHOCHTejibHO 6a3Hca e paBen pa3MepH0CTH BeKTopnoro npocTpancTBa, OTKy/i,a 
cjieflyeT yTBepsK^eHHe TeopeMbi. □ 

Onpe/i;ejieHHe 12.4. Mbi 6yfleM Ha3biBaTb B3aiiMHO 0flH03HaHH0e OTo6pa5KeHHe 

A : V ^ W **£'-H30MOp4)H3MOM BeKTOpHblX npOCTpaHCTB, eCJIII 3TO OTo6pa- 

jKeHiie - * * ZJ-jiHHeiiHoe OTo6pajKeHiie BeKTopnbix npocTpancTB. □ 

Onpe/i,ejieHHe 12.5. **D-aBTOMop4)H3M BeKTopnoro npocTpancTBa V - sto 

D-ii30M0j)(i)VL3M A : V V . □ 
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TeopeMa 12.6. UpednoAocitcuM, umo f - ^* D-6a3uc e eeKmopnoM npocmpaHcmee 
V . Tozda Am6ou D-aemoMopcfiuaM A eeKmopnozo npocmpaHcmea V UMeem eud 

(12.4) v' ^ A^*v 

zde A - ^* -HeeupoofcdeHHasi Mampuii^a. 

floKaaameAbcmeo. (12.4) cjie^eT h3 TeopcMbi 7.3. Tax Kax A - h30mop4)H3m, to 
^jiH Ka>Kfloro BCKTopa v' cymecTByeT e/i,HHCTBeHHbiH bcktop v TaKoii, hto v' ~ 
Vit* A. CjieflOBETejibHO, CHCTeMa H.*-D-JiHHeHHbix ypaBHeumi (12.4) HMeex efliiHCTBen- 
Hoe peineHHe. CorjiacHO cjieflCTBHK) 10.5 Maipima A HeBbipojKfleHHa. □ 

TeopeMa 12.7. AemoMopcfjuaMU ^* D-eeKmopnozo npocmpaHcmea nopojtcdamm 
zpynny GL*^ ^ . 

/(oKaaamcAbcmeo. Ecjih flanbi flsa aBTOMOp4)H3Ma Avl B, to mh MOJKeM 3anHcaTij 

v' = A**v 
v" ^ B,*v' ^ B,*A,*v 
CjieflOBaTCJiBHO, pe3yjibTHpyioiii,HH aBTOMop4)H3M hmcct MaTpHu,y A^,*B. □ 
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